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Abstract: We present the first approximation algorithms for designing revenue-optimal
incentive-compatible mechanisms in the following setting: There are multiple (hetero-
geneous) items, and bidders have arbitrary demand and budget constraints (and additive
valuations). Furthermore, the type of a bidder (which specifies her valuations for each item)
is private knowledge, and the types of different bidders are drawn from publicly known
mutually independent distributions. Our mechanisms are surprisingly simple.

First, we assume that the type of each bidder is drawn from a discrete distribution
with polynomially bounded support size. This restriction on the type-distribution, however,
allows the random variables corresponding to a bidder’s valuations for different items to
be arbitrarily correlated. In this model, we describe a sequential all-pay mechanism that
is truthful in expectation and Bayesian incentive compatible. The outcome of our all-pay
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mechanism can be computed in polynomial time, and its revenue is a 4-approximation to the
revenue of the optimal truthful-in-expectation Bayesian incentive-compatible mechanism.

Next, we assume that the valuations of each bidder for different items are drawn from
mutually independent discrete distributions satisfying the monotone hazard-rate condition.
In this model, we present a sequential posted-price mechanism that is universally truth-
ful and incentive compatible in dominant strategies. The outcome of the mechanism is
computable in polynomial time, and its revenue is a O(1)-approximation to the revenue
of the optimal truthful-in-expectation Bayesian incentive-compatible mechanism. If the
monotone hazard-rate condition is removed, then we show a logarithmic approximation,
and we complete the picture by proving that no sequential posted-price scheme can achieve
a sub-logarithmic approximation. Finally, if the distributions are regular, and if the space
of mechanisms is restricted to sequential posted-price schemes, then we show that there
is a O(1)-approximation within this space. Our results are based on formulating novel
LP relaxations for these problems, and developing generic rounding schemes from first
principles.

1 Introduction

In several scenarios, such as the Google TV ad mechanism [31] and the FCC spectrum mechanisms [11],
where mechanisms have been applied in the recent past, bidders are constrained by the amount of money
they can spend. This leads to the study of mechanisms with budget-constrained bidders, which is the
focus of this paper. The key difficulty with budgets is that the utility of a bidder is equal to her valuation
minus price if and only if the price is below the budget constraint, and the utility is —eo whenever the price
exceeds her budget. As a consequence, well-known mechanisms such as the VCG mechanism [17, 23, 34]
are no longer directly applicable. Before proceeding further, we formally define our model.

1.1 Our model

There are n bidders and m heterogeneous items. The fype of a bidder, which is her private knowledge, is
an m-tuple representing her valuations for each item. Every bidder i has two publicly known constraints:
A demand constraint d; on the maximum number of items she is willing to buy, and a budget constraint
B; on the maximum total price she can afford to pay. In a mechanism, the bidders report their types to
the auctioneer, and based on the reported types, the auctioneer computes an allocation of the items and
payments. The utility of bidder i is defined as follows: Suppose that she gets a subset A of items where
|A| < d;, and pays a total price P,. Let v;; denote the valuation of bidder i for item j. If P, < B;, then the
utility of bidder i is equal to ) jeavij — P;. In contrast, if P, > B;, then her utility is —oc. The revenue of
the auctioneer is given by ) ; .. The mechanism should be incentive compatible in that no bidder gains in
utility by misreporting her type, and individually rational, meaning that a bidder gets nonnegative utility
if she reports her true type.

There are two well-established ways of proceeding from here. In the adversarial setting, no assump-
tions are made on the types of the bidders, while in the Bayesian setting, it is assumed that the bidders’
private types are drawn from mutually independent (but not necessarily identical) publicly known prior
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distributions. We take the latter Bayesian approach, and our goal is to design an incentive-compatible and
individually-rational mechanism that (approximately) maximizes the expected revenue of the auctioneer.
This line of research was pioneered by Myerson [30].

1.2 Preliminaries

We first distinguish between four kinds of mechanisms that satisfy the incentive-compatibility (and
individual-rationality) constraints.

Dominant-strategy incentive-compatible (DSIC) Fix any bidder i. Suppose that her true type is t;.

* In a universally truthful DSIC mechanism, the utility of bidder i is maximized (at a nonnegative
value) when she reveals her true type t;, regardless of the types reported by other bidders and the
random choices made by the mechanism.

* In a truthful-in-expectation DSIC mechanism, the expected utility of bidder i (the expectation is
over the random choices made by the mechanism) is maximized (at a nonnegative value) when she
reveals her true type t;, regardless of the types reported by other bidders.

Bayesian incentive-compatible (BIC) Fix any bidder i and suppose that her true type is t;.

* In a universally truthful BIC mechanism, the expected utility of bidder i (the expectation is over the
prior distributions of the types of the other bidders) is maximized (at a nonnegative value) when
she reveals her true type t;, regardless of the random choices made by the mechanism.

* In a truthful-in-expectation BIC mechanism, the expected utility of bidder i (the expectation is
over the prior distributions of the types of the other bidders and the random choices made by the
mechanism) is maximized (at a nonnegative value) when she reveals her true type t;.

Note that if a mechanism is universally truthful DSIC, then the same mechanism satisfies all of the other
three notions of incentive compatibility. On the other hand, the union of all the universally truthful
DSIC, truthful-in-expectation DSIC, and universally truthful BIC mechanisms is a subset of the set of all
truthful-in-expectation BIC mechanisms. Hence, among the four notions described above, universally
truthful DSIC (respectively, truthful-in-expectation BIC) is the strongest (respectively, weakest) notion of
incentive compatibility.

A standard assumption in Economics is that a bidder’s valuation for an item is drawn from a
distribution satisfying some useful properties. Specifically, we will be interested in the following classes
of distributions.

Definition 1.1. Suppose that the valuation of a bidder i for item j is a discrete random variable v;; with
integral support {1,...,L;;}. The distribution of v;; is regular if and only if

PI'[V,']' > r]

' PI’[V,‘]' = I"]

is a non-decreasing function of r € {1,...,L;; }.
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Definition 1.2. Suppose that the valuation of a bidder i for item j is a discrete random variable v;; with

integral support {1,...,L; j}. The distribution of v;; is monotone hazard rate if and only if
PI'[V[J' > r]
Prlv;j =]

is a non-increasing function of r € {1,...,L;;}.

Note that if a distribution is monotone hazard rate, then it is regular. Examples of monotone hazard-
rate distributions include geometric distributions and uniform distributions. In contrast, if we have
Prlv;j > r] =1/rforr=1,2,...,L;j, then the distribution of v;; is regular but not monotone hazard rate.
Finally, if we have a bimodal distribution, such as Pr[v;; = 1] = Pr[v;; = 3] =4/9 and Pr[v;; =2] = 1/9,
then it is easy to check that the random variable v;; does not follow a regular distribution.

1.3 Our results

Recall that the type of a bidder is an m-tuple representing her valuations for each item, and the types of
different bidders follow mutually independent public distributions. From the type-distribution of a bidder
i, we can determine the distribution of the random variable v;;, which denotes the valuation of bidder i
for item j. Our results depend on whether the random variables {v;;}; (denoting the valuations of the
same bidder for different items) are correlated or mutually independent. All our results can be viewed as
presenting simple characterizations of approximately revenue-optimal mechanisms in these contexts.

1.3.1 Our result in Section 2

We consider the following scenario in Section 2: For every bidder i, the random variables {v;;} ; (denoting
the valuations of bidder i for different items) can be arbitrarily correlated. However, the type of bidder i is
drawn from a discrete distribution with polynomially bounded support size.

Truthful-in-expectation BIC mechanism We present a simple all-pay mechanism whose outcome
is computable in time polynomial in the input size. The mechanism charges each bidder a fixed price
that depends only on her revealed type, while the allocation made to the bidder depends on the reported
types of other bidders and the random choices made by the mechanism. The resulting scheme is truthful-
in-expectation BIC, and we show that its revenue is a 4-approximation to the revenue of the optimal
truthful-in-expectation BIC mechanism (Theorem 2.2).

Inapproximability of the optimal universally truthful DSIC mechanism An all-pay mechanism is
unrealistic in several situations, since a bidder is forced to participate even if she obtains a negative utility
when the mechanism concludes. A natural question to ask is whether we can compute a universally
truthful DSIC mechanism with good revenue properties. We can show that this problem generalizes the
problem of unlimited supply unit-demand profit-maximizing envy-free pricing [24], as described below.

Consider a single bidder and m items, and suppose that the bidder’s type is drawn from a uniform
distribution over the discrete set 7= {t(1),... t(} of size n, and that the bidder has unit demand and
infinite budget. In this setting, the optimal universally truthful DSIC mechanism will post a price for each
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item, and it will allow the bidder to pick the item that gives her maximum (nonnegative) utility. This
is exactly equivalent to the following instance of the unlimited supply unit-demand envy-free pricing
problem [24]: We have m items and n agents, and the valuation profile of each agent i € {1,...,n} (which
gives her valuations for each item) is specified by the type t(0).

For the unlimited supply unit-demand envy-free pricing problem, the best known polynomial-time
algorithm gives a logarithmic approximation, and there is strong evidence that a better polynomial-time
approximation is not possible [9]. Consequently, it is highly unlikely that we will be able to design a
polynomial-time computable and universally truthful DSIC mechanism with good revenue properties. In
Section 3, we impose further restrictions on the type-distributions to circumvent this negative result.

1.3.2 Our results in Section 3

We make the following assumption throughout Section 3: For every bidder i, the random variables {v;;} ;
(denoting the valuations of bidder i for different items) are mutually independent. However, in contrast to
Section 2, we no longer require that the type-distribution of a bidder should have polynomial support.

The assumption mentioned above has been used previously in the literature. The work of Chawla
et al. [12] considers the special case of a single bidder with unit-demand and infinite budget, whose
valuations for different items are drawn from mutually independent public distributions. For this problem,
Chawla et al. give a constant factor approximation to the revenue maximizing universally truthful DSIC
mechanism, by deriving an elegant connection to Myerson’s mechanism [30]. Independently of our work,
Chawla et al. [13] extend the previous result to a setting with multiple bidders. However, this result also
crucially requires the unit-demand assumption.

Monotone hazard rates and universally truthful DSIC mechanism In Section 3.2, we further as-
sume that for every bidder i and item j, the random variable v;; (denoting the valuation of bidder i for
item j) is drawn from a distribution that satisfies the monotone hazard-rate (Definition 1.2) condition.
We give a universally truthful DSIC mechanism, whose outcome is computable in polynomial time, and
whose revenue is a constant-factor approximation to the revenue of the optimal truthful-in-expectation
BIC mechanism. Our mechanism is a Sequential Posted Price scheme. Any sequential posted-price
scheme has the following simple structure: The auctioneer considers the bidders sequentially in arbitrary
order, and each bidder is offered a subset of the available items, so that each item in the subset has to be
purchased at a pre-computed price, and the bidder herself picks the items she wants to buy under these
prices. Hence, we get a constant-factor gap between the revenues of the optimal truthful-in-expectation
BIC mechanism and the optimal universally truthful DSIC mechanism (Theorem 3.14), which is in sharp
contrast with the corresponding negative result [10] when the valuations of a bidder for different items
are drawn from correlated distributions.

Regular distributions and adaptive posted-price mechanisms In Section 3.3, we show that the
monotone hazard-rate condition is indeed necessary if we want to design a sequential posted-price
mechanism with good revenue properties. Suppose that the monotone hazard-rate condition is slightly
relaxed, and we consider the scenario where there is a single bidder and her valuations for different items
are drawn from mutually independent regular distributions (Definition 1.1). In this case, the optimal
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universally truthful DSIC mechanism will have a logarithmic gap against the revenue of the optimal
sequential posted-price scheme. We prove that this gap is tight by showing the existence of a sequential
posted-price mechanism achieving this approximation ratio (Theorem 3.16). On a positive note, we prove
that for regular distributions, if the space of feasible mechanisms is restricted to those that consider the
bidders in some adaptive order and post prices for the items that may depend on the outcomes so far, then
there is a O(1)-approximation within this space that considers the bidders in an arbitrary but fixed order,
and pre-computes the posted prices (Theorem 3.21).

1.4 Related work

The Bayesian setting is widely studied in the economics literature [5, 11, 14, 15, 27, 29, 32, 33, 35]. In
this setting, the optimal mechanism can always be computed by encoding the incentive-compatibility
constraints in an integer program and maximizing expected revenue. However, the number of variables
(and constraints) in this IP is exponential in the number of bidders, as there are variables for the allocations
and prices for each scenario of revealed types. Therefore, the key difficulty in the Bayesian mechanism
design case is computational: Can the optimal (or approximately optimal) mechanism be efficiently
computed and implemented?

Much of the literature in economics considers the case where the auctioneer has one item (or multiple
copies of one item). In the absence of budget constraints, Myerson [30] presents the characterization of
any BIC mechanism in terms of expected allocation made to a bidder: This allocation must be monotone
in the revealed valuation of the bidder. This yields a linear-time computable optimal revenue-maximizing
mechanism that is both BIC and DSIC. The key issue with budget constraints is that the allocations need
to be thresholded in order for the prices to be below the budgets [14, 27, 32]. However, even in this
case, the optimal BIC mechanism follows from a polymatroid characterization that can be solved by the
Ellipsoid algorithm and an all-pay condition [7, 32]. By all-pay, we mean that the bidder pays a fixed
amount given his revealed type, regardless of the allocation made. This also yields a DSIC mechanism
that is an O(1)-approximation to the optimal BIC revenue [6], but the result holds only for homogeneous
items.

An alternative line of work deals with the adversarial setting, where no distributional assumption
is made on the bidders’ private valuations. In this setting, the budget-constrained mechanism problem
is notorious, mainly because standard mechanism concepts such as VCG, efficiency, and competitive
equilibria do not directly carry over [31]. Most previous results deal with the case of multiple units
of a homogeneous good. In this setting, based on the random partitioning framework of Goldberg et
al. [22,21], Borgs et al. [8] presented an incentive-compatible mechanism whose revenue is asymptotically
within a constant factor of the optimal revenue (see also [1]). Furthermore, Borgs et al. showed that no
incentive-compatible mechanism can (approximately) maximize social welfare [8]. Consequently, the
focus has been on weaker notions than efficiency, such as Pareto-optimality, where no pair of agents
(including the auctioneer) can simultaneously improve their utilities by trading with each other. Dobzinski
et al. [18] present an ascending price mechanism based on the clinching mechanism of Ausubel [3],
which they show to be the only Pareto-optimal mechanism in the public budget setting. This result was
extended to the private budget setting by Bhattacharya et al. [6]; see [25] for a related result.

Finally, several researchers have considered restricted scenarios. The first type of restriction is on the
type of mechanism; examples include mechanisms that are sequential by item and second price within
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each item [5, 20], and ascending price mechanisms [4, 11]. The goal here is to analyze the improvement
in revenue (or social welfare) by optimal sequencing, or to study incentive compatibility of commonly
used ascending price mechanisms. However, analyzing the performance of sequential or ascending price
mechanisms is difficult in general, and there is little known in terms of optimal mechanisms (or even
approximately optimal mechanisms) in these settings. A different type of restriction is on the valuations
of each bidder. The most well-known instance is keyword search mechanisms [19], where the items are
ad slots, and the bidder valuations are typically single-dimensional, with the valuations for each slot being
scaled down by a publicly known value. However, these mechanisms have typically been considered
without budget constraints, and the goal here has been to analyze mechanisms used in practice, such as
the generalized second-price mechanism [19].

1.5 Our techniques

If, for every bidder, the valuations for different items are drawn from correlated distributions (Section 2),
then the optimal truthful-in-expectation BIC revenue can be bounded from above by a linear program
(LP1) that requires the incentive-compatibility, individual-rationality, supply, and demand constraints
to hold only in expectation. We construct a truthful-in-expectation BIC all-pay mechanism (Figure 1)
that basically implements a rounding scheme on the optimal solution to LP1, losing a constant factor in
revenue (Theorem 2.2). This approach is based on the techniques used in [6].

As mentioned before, Chawla et al. [12] consider the Bayesian unit-demand pricing problem. There
are m heterogeneous items, a single bidder with unit demand, and her valuations (v; foritem j € [1,...,m])
are drawn from independent distributions. They present an elegant pricing scheme that is a constant
approximation to the optimal revenue by upper bounding it using the revenue of Myerson’s mechanism in
the following setting: There is a single item, m bidders, and the valuation of each bidder j follows the
same distribution as that of v;. However, this technique cannot be applied if the unit demand assumption
is removed.

In contrast, our approach in Section 3 (where the valuations of a bidder for different items are drawn
from mutually independent distributions) does not require the unit-demand assumption, and is based on
a novel LP relaxation (LPREV) for the problem (Lemma 3.3). Unlike the LP relaxation of Section 2,
and perhaps surprisingly, LPREV does not encode any incentive-compatibility constraints, and our
universally truthful DSIC mechanism (Figure 2), which competes against this LP, is in fact a constant
approximation to the optimal truthful-in-expectation BIC revenue. One limitation of our approach is
that we have to (necessarily) assume that the bidders’ valuations are drawn from montone hazard rate
distributions (Definition 1.2). In the process of proving our main result (Theorem 3.14), we describe a
crucial property of monotone hazard rate distributions (Lemma 3.9) that can be used to extend the type of
results shown in [26]. For example, in multi-item settings with only demand constraints, posted-price
schemes generate revenue that is a constant factor of the optimal social welfare, assuming monotone
hazard rate distributions (Corollary 3.15). The LP formulations also generalize the stochastic matching
setting in Chen et al. [16].
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2 Truthful-in-expectation BIC mechanism

In this section, we consider the problem of approximating the optimal Bayesian incentive-compatible
mechanism. We show an all-pay mechanism that is a 4-approximation to optimal revenue. Our solution
techniques are inspired by the LP relaxation and rounding scheme in [6] for multi-unit mechanisms.

2.1 Notations

There is a set J of n bidders, and a set J of m indivisible items. A type t is an m-tuple (t(1),t(2),...,t(m)).
If a bidder i € J has type t;, then her valuation for item j € J is given by v;; = t;(j). Every bidder i € J
has a demand d; > 1, which upper bounds the number of items that can be allocated to her, and a budget
B;, which specifies the maximum total payment she can make. Both her demand and budget are publicly
known. Suppose that she gets a subset A C J of items, where |A| < d;, and is charged a price of P. Her
utility u;(A, P) is given by the following expression.

—oo if P> B;,
ZjeAvij_P lfPSB,

M,‘(A,P) = {

The type of a bidder i € J is private knowledge. Furthermore, it is drawn from a discrete probability
distribution f;(-) with support 7; C R™. For all t; € T;, we have f;(t;) = Pr|type of bidder i = t;], and
Yi.c7, fi(t)) = 1. The distributions fi(-),..., fu(-) are mutually independent and publicly known. The
notation f;;(-) denotes the marginal distribution of the valuation of bidder i € J for item j € J:

fiyv) = Pilyyy=v] =} fi(t).
Tt (j)=v
The distribution f;;(-) has support T;;, that is, T;; = {v € R : f;;j(v) > 0}. Note that a bidder’s valuations
for different items can be correlated. Specifically, we may have

Prlvij=v|viy =V] # f;j(v) for some bidder i, items j # j, and v € T;;,v' € T;;r.

In a mechanism, the bidders first report their types. Based on these reported types, the auctioneer
computes an allocation of items and payments. The price charged to a bidder i should not exceed her
budget B;, and the number of items allocated to bidder i should be at most d;.

2.2 The problem and the LP-relaxation

We want to find an mechanism that is incentive compatible (and individually rational) in the following
sense: Fix any bidder i and suppose that her (private) type is t;. Her expected utility, where the expectation
is over the distributions of types of other bidders and the random choices made by the mechanism, is
maximized (at a nonnegative value) if she reveals her true type t;. We are interested in a mechanism
that (approximately) maximizes the expected revenue, and can be computed in time polynomial in the
input size, i. e., in n,m, and max;cg{|7;|}. Throughout the rest of Section 2, we will make the following
assumption.

Assumption 2.1. The distributions fi(-),..., fu(-) have polynomial supports.
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Linear programming relaxation For any feasible mechanism, let x;;(t;) denote the probability that
bidder i obtains item j if her reported type is t;. Let P;(t;) denote the expected price paid by bidder i when
she reports type t;. We have the following LP.

Maximize Y Y fi(t)P(t;)  (LP1)

i€It;eT;
YiciYieT, fi(t )xu(tZ) < 1 vjed
Yicgxij(t) < d; Vielt eT;
Yjegti (])XU( i) —PBt) > Yjegti (J )xu(t/) P(tﬁ) Vie fJ,t,-,t; S
Yiegti(j)xij(t:) —FRi(t) > 0 Viel,t;eT;
xij(t) € [0,1] Viel,jed,teT;
R(t) € [0,Bi] ViedteT;

The optimal truthful-in-expectation BIC mechanism is feasible for the above constraints. The first
constraint encodes the fact that, in expectation, each item is assigned at most once. Now fix any bidder
i € J, and suppose that her true type is t; € J;. The second constraint encodes the demand: Bidder i can
get at most d; items in expectation. The third constraint encodes Bayesian incentive-compatibility: The
expected utility of bidder i, when she reports any false type t/, cannot be greater than her expected utility
when she reports her true type t;. The fourth constraint encodes individual rationality: If bidder i reports
her true type t;, then her expected utility is nonnegative. Therefore, the LP1 value is an upper bound on
the expected revenue.

Remark Fix any bidder i € J. Note that the first constraint in LP1 holds in expectation over both her
own type and the types of other bidders. In contrast, the next three constraints are enforced for every
possible type t; € T;, and in these constraints the expectations are taken only over the types of other
bidders.

2.3 The all-pay mechanism

Suppose that the optimal solution to LP1 assigns a value of x};(t;) (respectively, P/ (t;)) to each variable
x;j(t;) (respectively, P;(t;)). We design an all-pay mechanlsm (Figure 1). The key observation is that
the mechanism satisfies the following property: Fix any bidder i € J and her reported type t7 € 7.
Furthermore, suppose that every other bidder i’ € I\ {i} reveals her true type. In this case, the probability
that bidder i gets any item j € J, over the randomness introduced by the mechanism and the distributions
of types of other bidders, is equal to xj;(t)/4; bidder i is charged a fixed payment of P/(t)/4. Since
both the expected allocation and the payment are scaled down by exactly the same factor [2, 28], this
scheme preserves the Bayesian incentive-compatibility and individual-rationality conditions enforced by
the constraints in LP1. Finally, note that the auctioneer’s expected revenue is given by the expression

y y MO,

i€lteT;
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All-Pay Mechanism

1. Collect the reported types of all bidders. Denote the reported type of bidder i by t;.
2. Find the optimal solution to LP1, and denote the variable values by {x;(t:), P’ (t;) }.
3. Choose an arbitrary but fixed ordering of all bidders and denote it by 1,2,...,n

4. Forall biddersi=1,2,...,n,items j € J and types t; € T;, let

%ij(t) = ( /2, Xij = Lyer filt)%ij(t), Zi :H;:;l](l_xi’j)-
5. FoR all bidders i and types t; € J;,

Partition the set of items J into d; disjoint groups such that
in each group G(i,t;,k), we have ¥ jeq i, ) ij(ti) < 1.

6. Fori=1,2,...n,
Initialize W;, S; < 0;
FOR k=1 to d;
Pick a single item j € G(i, t;, k) with probability £;;(t;);
Sl <—.Sl U {.]}’
Qi Si\ Uy, Sis
FOR ALL items j € Q;
W; <— W;U{j} with probability 1/(2Z;;);
Bidder i gets the (random) set W;, and pays a (fixed) price P (t})/4.

Figure 1: BIC Mechanism for correlated valuations

which is 1/4 times the optimal objective value of LP1. Hence, the mechanism gives a 4-approximation
to optimal revenue.

In Step 1 of the All-Pay Mechanism (Figure 1), we ask the bidders to reveal their types. The reported
type of bidder i € J is denoted by t;. In Step 2, we solve (LP1). In Step 3, we order the bidders as
1,2,...,n. In Step 4, we scale down the values of the allocation variables by a factor of 2, and introduce
the notations ;;(t;), X;; and Z;;. Applying the second constraint in LP1, we get )" ;4 %i;(t;) < d;/2, for
all bidders i € J and types t; € T;. In Step 5, we exploit this property while partitioning the set of items J
into d; disjoint groups. Specifically, we employ the following greedy strategy.

e Initialize V < J and k < 1.
e REPEAT UNTILV =0

— Pack maximal number of items from V into the group G(i,t;, k), so that we have

12< Y mi(t) <1.

jeg(ivtivk)

— SetV « V\SG(i,t;,k) and k < k+ 1.
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In Step 6, we visit the bidders according to the ordering 1,2, ...,n. While visiting bidder i, the notation
S; denotes the fentative allocation to bidder i, whereas her actual allocation is denoted by W;. Each
item j € J is included in S; with probability %;;(t7). Since the set S; contains at most one item from
each group G(i,t, k) and there are d; such groups, we get |S;| < d;, and hence at most d; items can be
allocated to bidder i. The notation Q; denotes a subset of S;, consisting of all the items in S; that were
not included in the tentative allocation of any bidder i < i. Each item j € Q; is included in W; with
probability 1/(2Z;;). Bidder i gets the (random) set of items W; and pays a (fixed) price P/ (t;)/4. Note
that the subsets Qy,...,Q,, are mutually disjoint by definition, and furthermore we have W; C Q; for all
bidders i = 1,...,n. Hence, the subsets of items Wy,...,W, allocated to the different bidders are also
mutually disjoint.

Theorem 2.2. The All-Pay Mechanism (Figure 1) is truthful-in-expectation BIC, and its revenue is a
4-approximation to the revenue of the optimal truthful-in-expectation BIC mechanism.

Proof. Applying the first constraint in LP1, we get ¥, X;; < 1/2 for all items j. The inequality holds
since we scaled down the LP variables by a factor of 2. Consequently, we have

1
Zij = [[J0=Xyj) > 1=-Y X;; > 5
i<i i<i
This implies 1/(2Z;;) < 1.
Fix a bidder i, her reported type t’, an item j, and suppose that every other bidder i’ # i reveals her
true type. In other words, the reported type of any bidder i’ # i follows the distribution f;(-). Hence, for
all bidders i/’ # i, we have

Prij¢ Si]=1-PrjeS)=1—Y filti)f{t)=1-Xy.
t[v/EfT[/

We now show that bidder i gets item j with probability x7;(t;) /4:

Pr[j e W] =Pr[j e W; | j € Q)] - Pr[j € Q]

i—1
:Pr[jeW,-|jeQ,-]-Pr[jeSi\ Us,-/}

i'=1

i—1
=Pr[jeW;|jc Q] Pr[jes] []Prlj ¢ Si] 2.1
=1
1 i—1
= () - 1—X»
3z, %) [T =%0)
1 ~ *
=37 5i(6) - Z
_ X?j(t?)
4
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Equality (2.1) holds since the distributions of types of all the bidders are mutually independent, and we
have assumed that every bidder i’ # i reveals her true type.

By linearity of expectation, the expected welfare of items allocated to bidder i is given by the
expression

3 L0 55 (t),
j€d

when her true type is t;. Since bidder i pays a fixed price P;(t’) /4, both the expected welfare and expected
price are scaled down by a factor exactly 4 relative to the LP values regardless of her revealed type. This
preserves the incentive-compatibility constraints in the LP, and makes the scheme be incentive compatible
and satisfy individual rationality in expectation over the types of other bidders and the randomness
introduced by the mechanism. The theorem follows. O

Remark We note that if the objective function is replaced with

YY) filtoti(h)x(t),

i€l jed tieT;

then the resulting scheme gives a 4-approximation to the optimal expected social welfare.

3 Universally truthful DSIC mechanisms

We described an all-pay mechanism (Figure 1) in Section 2 that gives constant approximation to optimal
revenue. This mechanism, however, is truthful-in-expectation BIC; for example, a bidder has to pay a
fixed price even if she does not get any item in a random allocation. In contrast, it is more desirable in
practice to implement mechanisms that are universally truthful DSIC and have good revenue properties.
Unfortunately, we cannot achieve this goal unless we make additional assumptions on the input, for the
following reason: The setting considered in Section 2 allows a bidder’s valuations for different items to
be drawn from correlated distributions, and it is computationally hard to approximate the revenue-optimal
universally truthful DSIC mechanism [9] under such settings (see Section 1.3.1). We now formally state
the assumptions that will be used throughout the rest of Section 3 to circumvent this hardness. We use the
same notations as in Section 2.1.

Assumption 3.1. We assume that the marginal distributions {fij(-) }icq. jeg are mutually independent (see
Section 2.1), and any distribution f;;(-) has a support T;j = {1,...,L;;}, where L;; is a positive integer. In
other words, the valuation of bidder i for item j is a positive integer-valued random variable v;; € [1,L;j]
with probability mass function fi;(-), and the random variables {v;;}icg jeg are mutually independent.

Note that, in contrast to Section 2.2, we no longer require the distributions fi(-),..., fu(:) to have
polynomial supports. Furthermore, the assumption that the distributions f;;(-) are defined at positive
integer values is made without any loss of generality, since we can discretize continuous distributions in
powers of (14 ¢) and apply the same arguments. This also holds when the values taken by the random
variables are not polynomially bounded.
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Sequential posted-price mechanisms In this section, our main results are sequential posted-price
mechanisms that give good approximations to optimal revenue. Such a mechanism considers the bidders
sequentially in arbitrary order, and for each bidder, posts a certain price for each item, and lets the bidder
select the subset of items she wants to buy under these prices. Note that any sequential posted-price
mechanism is universally truthful DSIC by definition.

Our results We first consider the scenario where the random variables v;; satisfy the monotone hazard-
rate condition (Section 3.2). In this case, we present a sequential posted-price mechanism, and show
that it is a O(1)-approximation to the optimal truthful-in-expectation BIC mechanism (Theorem 3.14).
One of the interesting aspects of this result is that although our mechanism is universally truthful DSIC
(which is the strongest notion of incentive compatibility), it still approximates the revenue of the optimal
truthful-in-expectation BIC mechanism.

In Section 3.3, we relax the monotone hazard rate assumption, and consider the scenario where
the random variables v;; are arbitrary integer-valued variables over the domain [1,L], that is, L;; = L
forall i € J,j € J. In this case, we present a sequential posted-price mechanism that gives O(logL)-
approximation to the revenue of the optimal universally truthful DSIC mechanism, and we also prove that
no other sequential posted-price mechanism can achieve an asymptotically better approximation ratio
(Theorem 3.16).

3.1 Linear programming relaxation
We start with a simple definition.

Definition 3.2. Forall i € J, j € J: Define V;; = min(v;;,B;/4), let its probability mass function be g;;(-),

and let R;; = {1,...,|R;;|} be the range of values the random variable V;; can possibly take. Since the
random variable v;; takes integer values in the range {1,...,L;;}, we get
fl](l") ifr<Bl-/4,
Lij .
Pr[Vij = r] = gij(r) = { L2 fij(v) if r=Bi/4,
0 otherwise.

We now describe an LP-relaxation in order to upper bound the revenue of the optimal truthful-in-
expectation BIC mechanism.

Maximize ZZ Z r-gij(r) - xij(r) (LPREV)

iij€5r€R[j
Yjcg Lrew,; &ij(r) - xij(r) < n Vied (1)
Yjeg Lrem, 7 8ij(r) - xij(r) < Bi  Vi€] 2)
Yics Lrex,; 8ij(r) - xij(r) < 1 Vjied (3)
xij(r) € [0,1] Vield,jedre®R; (4)
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Lemma 3.3. The optimal value of the linear program (LPREV) is at least 1 /4 times the revenue of the
optimal truthful-in-expectation BIC mechanism. Furthermore, in the LP solution, x;;(r) is a monotonically
non-decreasing function of r, for all bidders i € J and items j € J.

Proof. Without any loss of generality, we assume that whenever a bidder is allocated a subset of items,
the total price she has to pay is distributed amongst the individual items obtained. It is easy to ensure that
the expected price on a single item is never greater than the valuation for the item or the overall budget.
Given that V;; = r € R;j, let x;;(r) denote the probability that item j € J is allocated to bidder i € J, and
let p;;(r) denote the expected price paid conditioned on obtaining the item. Since V;; = min(v;;, B;/4), it
is easy to see that

p,'j(l‘) < min(vij,Bl-) < 4~min(v,-j,B,-/4) =4.r.

Hence, the revenue of the optimal truthful-in-expectation BIC mechanism can be relaxed as:

Maximize ZZ Z pij(i’)'gij(”)'xij(”)

i€] jedreR;;
Yjcg Lrewr,; 8ij(r) - xij(r) < m Vied (1)
YjcgLrewr, Pij(r)-8ij(r) xij(r) < Bi Vi€l (2)
Yico Xrew,; 8ij(r) -xij(r) < 1 vjied (3)
xij(r) € [0,1] Viel jedreR; (4)
pij(r) € [0,4r] Viel jed,reR; (5)

The above program is nonlinear. Scale p;;(r) down by a factor of 4 so that p;;(r) < r. This preserves
the constraints and loses a factor of 4 in the objective. Now, for all i, j, if p;;(r) < r, increase p;;(r)
and decrease x;;(r) while preserving their product until p;;(r) becomes equal to r. This yields the
constraints of (LPREV), and preserves the value of the objective function; but now, the objective becomes
Y. ; X, 78ij(r)xij(r). This shows that (LPREV) is a 4-approximation to the revenue of the optimal
truthful-in-expectation BIC mechanism.

To show that the objective is maximized when the x;;(r) are monotonically non-decreasing in r, for
any (i, j), preserve Y, rg;;(r)x;j(r) by increasing x;;(r>) and decreasing x;;(r1) for r; < r». In this process,
Y. &ij(r)x;j(r) can never increase (see Corollary 3.4), preserving all the constraints, which implies the
monotonicity. O

Corollary 3.4. Fix any bidder i € J, item j € J, and r\,r» € R;j such that ri < ry. Furthermore, let
¢ij(r) be any positive non-decreasing function of r € R;j. If we have 0 < x;j(r1),x;j(r2) < 1, and we
preserve Y e, $:j(r)gij(r)xij(r) while increasing x;j(r») and decreasing x;j(ry), then the expression
Y. ew,,; 8ij(r)xij(r) can never increase.

Proof. Suppose that we increase x;;j(r2) by an amount &, > 0, and we decrease x;;(r1) by an amount
1 < 0. Since x;;(r) remains unchanged for every r ¢ {ri,r2}, and the sum Y, cx . ¢i;(r)gi;(r)x;;(r) is
preserved, we must have

Gij(r1) - gij(r1) - 61 = ¢;j(r2) - 8ij(r2) - 6.
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Since ¢;;(r) is a positive non-decreasing function of r, we have ¢;;(r1) < ¢;;(r2). It follows that
gij(r1)81 > gij(r2) 6. Hence, we get

8ij(r1) - (xij(r1) — 61) + &ij(r2) - (xij(r2) + 82) < gij(r1) - xij(r1) + 8ij(r2) - xi5(r2) -

Since the value of x;;(r) remains unchanged for all r ¢ {ry,r,}, the expression ¥ cx 8i;(r)x;;(r) can
never increase. O

Remark Due to the presence of budget constraints, (LPREV) bounds only the expected revenue of any
truthful-in-expectation BIC mechanism and not the expected social welfare, which can be larger by an
unbounded amount. However, if the budget constraints are removed, the resulting LP also bounds the
optimal social welfare.

3.2 Monotone hazard rates

We will present a constant-factor approximation to the optimal truthful-in-expectation BIC mechanism via
sequential posted-price schemes, assuming that the random variables v;; satisfy the monotone hazard-rate
condition (Definition 1.2). Formally, we will make the following assumption throughout Section 3.2.

Assumption 3.5. Foralli € Jand j € J, the random variable v;; (which denotes the valuation of bidder
i for item j) satisfies the monotone hazard rate (MHR) condition.

Claim 3.6. If X is a positive-integer-valued random variable satisfying the monotone hazard-rate
condition, then the random variable min(X ,a) also satisfies the MHR condition, for any integer a > 1.

Proof. Suppose that the random variable X is drawn from an MHR distribution with support {1,... k}. If
a > k, then clearly the random variable min(X,a) also satisfies the MHR condition, since it has a support
of {1,...,k} and we have

Prmin(X,a) =r]=PrX =r] forallre{l,... k}.

Hence, we will assume that a < k throughout the rest of the proof. In this case, the random variable

min(X,a) follows a distribution with support {1,...,a}, and we have
Prmin(X,a) =r]=PrX =r] forallre{l,...,a—1}, 3.1
Pr[min(X,a) > r|=Pr[X >r] forallre{l,...,a—1}, (3.2)
Primin(X,a) =a] = i Pr[X =r], 3.3)
r=a
Pr[min(X,a) >a] =0. (3.4)

From equations (3.1), (3.2), (3.3) and (3.4), it follows that

Pr[min(X,a) > r| - Pr[min(X,a) > 7]
Pr[min(X,a) =r] — Pr[min(X,a) = /']

forall r,/' € {1,...,a} such that r < r'. (3.5)

Hence, the random variable min(X,a) satisfies the MHR condition. O
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Since the random variables v;; satisfy the MHR condition (Assumption 3.5), we get the following
corollary.

Corollary 3.7. For all i € J and j € J, the random variable V;; = min(v;;,B;/4) satisfies the MHR
condition.

The next definition is due to Myerson [30]. First, recall that the random variable V;; has a probability
mass function g;;(-) with support R;; (Definition 3.2).

Definition 3.8. For all r € R;;, let G;;(r) = Pr[V;; > r]. Define the virtual valuation as

forallicJ,jed,reR;;.
8ij(r)

@ij(r) =r—
The distribution g;;(-) is said to be regular if and only if we have
@;j(r) < @;;(r') forall r,r € R;; such that r < r'.

Clearly, monotone hazard-rate distributions are regular. We now present a crucial lemma for monotone
hazard-rate distributions.

Lemma 3.9. If the random variable V;; satisfies the MHR condition, then we have

Vi 1
Pr [(p,-j(\?,-j) > 2J:| > 67 .

Proof. Recall that for all r € R;;, we have g;;(r) = Pr[V;; = r] and G;;(r) = Pr[V;; > r|. Let the support
of the distribution g;;(-) be given by R;; = {1,...,k}, where k is a positive integer. Before proceeding any
further, note that if k = 1, then G;;(1) =0, ¢;;(1) = 1, and the lemma holds since Pr[@;;(V;;) > V;;/2] =
1>1/ 2. Thus, throughout the rest of the proof, we assume that k£ > 2.
Define
(r

hij(r) = (g?l,jj((r)) forall re {1,...,k}.
It is easy to see that ¢;;(r) = r—1/h;;(r). Hence, we have ¢;;(r) > r/2 if and only if h;j(r) > 2/r. As
the random variable V;; satisfies the MHR condition, we infer that /;;(r) is a non-decreasing function of .
Finally, we note that 2/r is a non-increasing function of r, and that /;;(k) = co > 2 /k. These observations
lead us to conclude the following:

There is an integer k* € {1,...,k} such that ¢;;(r) > r/2 if and only if r > k*,
and hj(r) < hjj(k* —1) <2/(k*—1) forall r € {1,..., k" —1}.

Therefore, we have
Pr(g;;(Vij) > Vij/2] = Pr[V;; > k'].

If k* = 1, then Pr[V;; > k*] = 1 > 1/¢?, and the lemma holds. Consequently, throughout the rest of the
proof, we assume that k* > 2.
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re{l,....k}.

We construct a continuous probability distribution with probability density function g;;(-) and support
for all

ii = g;:(t)dt
gl = [ &)

[0, k] such that

Next, for every real number 0 <t < k, we define
; A
A 5 2 8ij(t)
G-~t:1—/ ;j(1)dt and  h;i(t) = >
ij(1) q:OgU( ) ij(1) Giilt
Since 4(Gy;(t)) = —8;;(t), it follows that
[ huste)dr = ~108(Gi ).
Hence, we have
(k1) Gij(k*—=1) .
exp(— he)dr ) = =4 =Gyl —1). 3.6
p(= [, i) =02 = Gytk ) (36
Note that G;;(¢) is a non-increasing function of ¢. Thus, for all r € {1,...,(k* — 1)}, we have
/’ Bty dt > — / n)dr = — 50 _ oy s 2
_ . _ . - _ — —hi(r) > —
=) P E TG0 Sy Gij(r) ! (k*—1)
Summing over r = 1,..., (k* — 1), we get
(k1) (K —1) o R k-1 5
- hij(t)dt = — / hij(t)dt > — > 2. 3.7
/z:o (1) ,; t=(r—1) () di = ,:ZI (k*—1) — (3.7
To conclude the proof of the lemma, we deduce that
Pr(@i;(Vij) > Vij/2] = Pr[Vij = k7]
(k*=1)
=1- ) ;)
r=1
(k*—1)
=1 —/ gij(l‘) dt
=0
=Gij(k*—1)
(by equation (3.6))
(by equation (3.7)).
O

_ e—f,(:kz’” hyj(r) dr
>e?
445
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Note that the bound established is Lemma 3.9 is tight for exponential distributions. Suppose that X is
a continuous random variable drawn from an exponential distribution with rate parameter u, and let @ (X)
denote the virtual valuation function of X. We get

—ux

Pr[<p(x)>ﬂ :Pr[X—uee“X>X/2] :Pr[x>ﬂ .

22
Recall Definition 3.2 and Definition 3.8. The next observation follows from Corollary 3.7 and Lemma 3.9.

Observation 3.10. For all bidders i € J and items j € J, there exists an integer vj; € R;; such that

[V,J > Vlj] >e¢ 2 and (p,-j(\?ij) > Vij/z whenever V,’j > V?j.

3.2.1 Incorporating virtual valuations

First, we state a characterization of virtual valuations that was proved by Myerson [30]. We will invoke
Lemma 3.11 multiple times throughout the rest of the paper.

Lemma 3.11. For all bidders i € J and items j € J, suppose that the random variable V;; = min(v;;, B;/4)
follows a discrete distribution g;;(-) with support R;j, and 0 < x;;(r) < 1 for all r € R;j. We have

Z glj (plj xlj Z gt] (?‘ xlj )_ Z xl'j(s)) .

reR;; reR;; SER;j1s<r

Proof. Recall that ¢;;(r) = r — G;j(r)/gij(r), where G;j(r) = Ysem,, . s> 8ij(s). Hence, we get

Z glj (Plj xt}( r) = Z <r'gij(r)_ Z gij(s)> 'xij(r)

reR;; reR;; SER;j1s>r

= Z r-gij(r) -xij(r Z Z 8ij(s) - xij(r)
reR;; reR;; s€R;js>r

= Z r- glj xlj( r)— Z Z 8;} xlj s)
reR;; reR;; seR;js<r

=) &j(r (’ ()= ) x,-j(s)> :
reR;; sER;j1s<r

This concludes the proof. O
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Now consider the following linear program obtained from (LPREV).

Maximize ZZ Z gij(r) - @ij(r) -xij(r) (LP2)

i€l jegreR;;
Yjeg Lrew, &ij(r)-xij(r) < ni Vi€] (1)
YjegLren, 8ij(r) - @ij(r)-xij(r) < Bi Vi€l (2)
ZieJZrefR,-jgij( r)-xij(r) < 1 vjed (3)
xij(r) € [0,1] Viel jed,reR; (4)

Lemma 3.12. The value of (LP2) is at least 1/(2¢?) times the value of (LPREV).

Proof. Let {x;;(r)} denote the values taken by the x;;(r) variables in the optimal solution to (LPREV).
ForallicJ,jed,r € R;j, define:

0 if r <vj;,
xij(r):{ ifr<vi (3.8)

xl’-‘j(r) if r> vl-j.

The optimal objective of (LPREV) is given by
ZEVijNgij(~) [Vij 'x?j(vij)] :
l7.]

Lemma 3.3 implies that the function V;; -x?j(\?,- ;) is monotonically non-decreasing in V;;. Hence, we get

Evy,[Vij-x;;(Vij)] < Ev,;[Vij-x;;(Vij) | Vij = vijl

< Ey, 2-¢i;(Vij)-x ( ij) | Vij > lj] (Observation 3.10)
2-Ev, [0i;(Vij) - i (Vi)] .
= PV, > V?j] (by equation (3.8))
< 2¢°-Ey, [0;(Vij) - %i;(Vi))] (Observation 3.10)
= Z 8ij(r) - @ij(r) - %ij(r).
reR;;

Summing over all bidders i € J and items j € J, we infer:

Y)Y regi(n)x()<2e2-) Y Y gii(r) - @u(r) - Fij(r). (3.9)

i€l jegreR;; ic] jedreR;;
Furthermore, we note the following inequalities.

0 <%j(r)<xj;(r) forallied,jed,reRy, (3.10)
@;j(r)-%ij(r) <r-xj;(r) forallieJ,jed,reR;. (3.11)
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Equation (3.10) holds by definition, and equation (3.11) holds since ¢;;(r) < r (Definition 3.8). Recall
that the x?‘j(r) values constitute an optimal solution to (LPREV). Hence, equations (3.9), (3.10), and (3.11)
imply that the %;;(r) values constitute a feasible solution to (LP2), having an objective that is within a
factor of 2¢? of the optimal objective of (LPREV). The lemma follows. O

Lemma 3.13. Let xfj(r) denote the values assigned to the variables in the optimal solution to (LP2).
Foralli€,j e J, we can express the corresponding {xl’-‘j(r)} rex;; values as a convex combination of two
solutions. The first ( respectively, second) solution has variable values ){;( r) (respectively,A; ( )), and an

integer r;; € Rjj (respectively, si; =r;;+ 1 € R;j) so that
0 ifr<ri,reRR;;, 0 ifr<si,reR;;,
v =40 TS e R g ary =0 YT E N
1 zfr>rl],r€31,'j, 1 zfr>sl],r€9Q,~j.

Suppose that in the convex combination, the first solution has weight 0 < w;; < 1 and the second solution
has weight 1 —wjj. In this case, we have x;;(r) = wij - ¥5(r) + (1 — wy;) - A;5(r), and furthermore

Y, gij(r) - @ij(r)-xii(r) = wij-ri; - Pr[Vi; > rfi]+ (1 —wij) - 555 - Pr[Vij > 7] (3.12)
reR;;

Proof. Since the variable values {x};(r)} constitute an optimal solution to (LP2), we have xj;(r) =0
whenever @;;(r) < 0. Furthermore, the virtual valuation ¢;;(r) is a non-decreasing function of r € R;;
(Corollary 3.7). We now apply Corollary 3.4 and infer the following: There exists an integer r* € R;;
such that

B 0 ifr<r,relR;,
xij(r): . ‘
1 ifr>rrek;.

This implies that the optimal solution to (LP2) can be written in the fashion implied by the lemma, with

ri;=r" and w;; = x; ]( *) To prove equation (3.12), we first note that
Z glj (PI/ = Wjj Z gt/ (pl/ ( Wl/ Z gl/ % ( ) (3.13)
reR;; reR;; reR;;

Let the range of values of the random variable V;; be given by R;; = {1,...,k}. Recall that ¥i;(r) =0if
1<r<rj and)fk( )—lifr?jgrgk. Hence, we have

Z 8ij(r) - @ij(r) - v;(r) = Z gij(r) <r-}§;(r)— Z ){S(s)) (Lemma 3.11)

reR;; rEfR,-/- SER;j1s<r

= Zglj r_rl]))

/

Similarly, we can show that

Z gl] (plj lt/(”) Pl‘[V,] 2 Si ]

reR;;

Now, the lemma follows from equation (3.13). 0
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3.2.2 Posted-price mechanism and analysis

The posted-price mechanism is described in Figure 2. In Step 1, we select an arbitrary ordering of the
bidders. In Step 2, we find the optimal solution to (LP2). To explain Step 3 and Step 4, we first recall
Lemma 3.13, which has the following simple interpretation. For all bidders i € J and items j € {, the
optimal solution to (LP2) treats the pair (i, j) as a separate entity who is interested only in item j, and
who is willing to pay at most V;; (Definition 3.2) for item j. Furthermore, the pair (i, j) is offered item j
at a posted price that is chosen randomly from the set {r};,s i j} Note that this is not a feasible mechanism:
Since each pair (i, j) is considered separately, an item may be allocated more than once, or a bidder
may exhaust her budget or demand. The LP solution, however, is extremely useful, as it allows us to
“uncouple” all the (i, j) pairs and find the prices {r;;,s;} for each of them.

Motivated by the above interpretation, in Steps 3 and 4, we set 7;; = r;; with probability w;;, and with
the remaining probability (1 —w;;), we set 7;; = s .. Furthermore, we ensure that these random events
corresponding to all possible (bidder, item) pairs are mutually independent. Under the assumption that
every (i, j) pair behaves as a separate entity who is willing to pay at most V;; for an item, let X; ; be the
indicator random variable that is set to 1 if she is allocated the item, and let B, ; denote her payment. Note
that B; = 7;; if X;j = 1, and B; = 0 if X;; = 0. It follows that

E[ ij] = Wijj -Pr[\?l-j > I‘:}] + (1 _Wij) 'PI‘[V,‘j > Sl*]
= Wij- Z gij(r)'ﬁ;’( le Z glj ,/
rGR,-j rGR,]
= ) 8ij(r)-xj;(r)
rEfR,'j

We can also write:

E[Bj] = wij - ri;-Pr[Vi; > ]+ (1= wij) -7, Pr[Viy > 55l = ) gij(r) - @ij(r) - x55(r).

reR;;

The last equality follows from equation (3.12). Hence, the optimal objective value of (LP2) is given by
Y., E[P;]. Furthermore, Constraints 1, 2 and 3 of (LP2) imply that

Y EXj] <n, Y E[7j] <B, and Y E[X;j] < (3.14)
Jj€d Jj€d icJ

To summarize, if every pair (i, j) were behaving as a separate entity and we posted the (random) price 7;;
for the pair (i, j), then the total expected revenue will be equal to the optimal objective of (LP2), and the
demand, budget, and supply constraints will hold in expectation.

There are two difficulties in implementing the above scheme: (1.) In reality, the pairs (i, j) do not
behave as separate entities. (2.) Since the budget, demand and supply constraints hold only in expectation,
there may be occasions where one or more of these constraints are violated.

Step 5 circumvents these difficulties. We visit the bidders according to the pre-determined ordering.
While visiting bidder i, if an item j is available (i. e., has not been purchased by any bidder i’ < i), then we
offer item j to bidder i with probability 1/4, at a (random) posted price 7;;. Intuitively, this step ensures
that with constant probability, each pair (i, j) behaves as a separate agent (see the proof of Theorem 3.14),
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Posted-Price Mechanism

1. Choose an arbitrary but fixed ordering of all bidders and denote itby 1,...,n.
2. Solve LP2, and let xj; denote the value assigned to variable x;;, forall i € J, j € J.

3. FoRr each (i, )
Independently pick one of the two solutions in the convex combination (see Lemma 3.13)
with probability equal to its weight in the combination.

4. Let#y; € {r};,s;;} denote the threshold in the chosen solution where the allocation function ¥;

jumps from zero to one.

5. Let {Yj}icy,jeg be a set of mn mutually independent 0/1 random variables such that
PrlY;j=1]=1/4and Pr[Y;; = 0], foralli € J,j € J.

0 + J (Initialize Q to be the set of all items).
Fori=1,2,...,n

Initialize W; < 0;

FOR eachitem j € Q

W WU {j}iff ¥j; = 1;

Only the set of items W; is offered to bidder i;

Each j € W; is offered at a price 7;;;

Bidder i buys a subset of items S; C W;;

0+ 0\S,.

Figure 2: DSIC Mechanism for independent valuations

so that the expected revenue remains within a constant factor of the optimal objective of (LP2). Applying
Lemma 3.3 and Lemma 3.12, we infer that the revenue of the sequential posted-price mechanism is a
O(1)-approximation to the revenue of the optimal Bayesian incentive-compatible mechanism.

Note that since an item is offered to a bidder only if it has not been purchased by anyone else, and
since the bidder herself decides the subset of items she wants to buy at the posted prices, this mechanism
is clearly feasible (i. e., satisfy the demand, budget and supply constraints), and universally truthful DSIC.

Theorem 3.14. The posted-price mechanism in Figure 2 is a universally truthful DSIC mechanism and
its revenue is a O(1)-approximation to the revenue of the optimal truthful-in-expectation BIC mechanism,
when the valuations of a bidder follow product distributions that satisfy the monotone hazard-rate
condition.

Proof. For all bidders i € J and items j € J, let X;; be the 0/1 random variable denoting whether item j
is taken by bidder i, and let F;; denote the price at which it is taken (which is O if the item is not taken by
the bidder). Recall equation (3.14), where X; ; (respectively, P ;) is the random variable for the allocation
(respectively, payment) corresponding to the pair (i, j), under the assumption that every (bidder, item)
pair behaves as a separate entity. Since the probability that any pair (i, j) is considered at all is 1/4 (see
Step 5, Figure 2), we infer that X;; < X;;/4 and P,; < P,; /4. By linearity of expectation, the inequalities
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of equation (3.14) imply that

E[ng]g&m, E[ink]gdim, and E[Zxkj}glm forallicd,jc{.
k#j = ki

Since the valuation v;; is independent of other valuations, this implies the above statements hold regardless
of v;;. Now applying Markov’s inequality, we have for all i, j:

Pr[ZPik23B,-/4] <1/3, Pr[ZXikzd,} <1/4, and Pr[Zijzl} <1/4.

k#j k#j ki
By union bounds, this implies that with probability at least 1/6, we have
3B;
Y Pu<, Y Xu<d, and Y X;=0.
k#j k#j ki

In this event, item j is offered to bidder i with probability 1/4 (using one of two random choices of the
posted price from Lemma 3.13). Furthermore, in this event, the bidder will take the item if v;; > 7;;, since
Fij < Bj/4 (so that the bidder has sufficient budget to purchase this item), and the bidder has not exhausted
his demand d;. Since the valuation v;; itself is independent of the event that the item j is offered to
bidder i, this implies that with probability at least 1/6 x 1/4, the posted-price mechanism obtains revenue
Y.8ij(r)9i;(r)x;;(r) along each (i, j) (using the definition of the latter quantity from equation (3.12)).
By linearity of expectation over all (i, j), we have a O(1)-approximation to the objective of (LP2). The
theorem follows from Lemma 3.3 and Lemma 3.12. O

Corollary 3.15. Under the assumptions of Theorem 3.14, if there are no budget constraints, then the
revenue of the sequential posted-price mechanism is a constant-factor approximation to the optimal
social welfare.

Proof. 1f the Budget Constraint (2) is removed from (LPREV), it is an upper bound on the optimal social
welfare that can be obtained by any mechanism. The rest of the analysis remains the same. O

One issue with mechanisms where bidders have budget and demand constraints is that given posted
prices for the items, the bidder needs to solve a two-dimensional KNAPSACK problem to determine
her optimal bundle, and this is NP-hard in general. However, this does not change our results, for the
following reasons. First, the analysis of the algorithm in Figure 2 simply shows that with constant
probability, the bidder solves a trivial KNAPSACK instance where all items fit into the KNAPSACK.
Another interesting aspect of our mechanism is that the LP relaxations (both (LPREV) and (LP2)) do not
encode any incentive-compatibility constraint. Furthermore, in a sequential posted-price mechanism, a
bidder i € J does not have to report her valuations to the auctioneer. Depending on the publicly known
valuation distributions, the choices made by the bidders i’ < i, and the randomness of the mechanism,
bidder i is offered a subset W; of available items, and she has to pay a posted price 7;; for buying any
item j € W;. The subset of items W; and the posted prices {7;;} do not depend on the valuations of bidder
i. Hence, the scheme remains incentive compatible regardless of the KNAPSACK heuristic used by the
bidder. Therefore, our results hold as long as the bidder uses any reasonable KNAPSACK heuristic that is
maximal, in the sense that the bidder goes on buying more and more items until she exhausts her demand
or budget constraints.
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3.3 General distributions

The key point shown by Theorem 3.14 is that the revenue of the optimal truthful-in-expectation BIC
mechanism is approximated to a constant factor by a simple sequential posted-price mechanism, where the
prices are posted for each item and each bidder. This crucially used the monotone hazard-rate condition.
The natural question to ask is whether such a simple mechanism is a good approximation for more general
classes of distributions. Note that even for one bidder, the optimal universally truthful DSIC mechanism
may not be a sequential posted-price scheme. We show below that the optimal universally truthful DSIC
mechanism has a logarithmic advantage over sequential posted pricing even for regular distributions (see
Definition 3.8), and that this gap is tight.

Theorem 3.16. Suppose that v;j € [1,L], are independent for different (i, j) but do not necessarily satisfy
the monotone hazard-rate condition. Then, there is a ®(logL) gap between the revenues of the optimal
sequential posted-price scheme and the optimal universally truthful DSIC mechanism. The lower bound
holds for regular distributions and one bidder.

Proof. To show the lower bound, consider the following scenario: There is only one bidder, m items,
and no budget or demand constraints. The valuations are i.i. d. for each item j, and follow the common
distribution with Pr[v > r] = 1/r, for r = 1,2,...,m, so that m = L. This distribution is regular, since
¢(r) =0for r <m, and ¢(m) =m. We have E[v;;] =Y_,(1/r) = H,, for every item j, and by Chernoff
bounds,

2

Pr Zvl! < (1—¢&)mHy, | < e = o(1).

Therefore, a scheme that sets a price of mH,,(1 — €) for the bundle of m items sells the bundle with
probability 1 —o(1), so that the expected revenue is Q(mlogm). Any sequential posted-price scheme
can extract a revenue of max, r-Pr[v > r] = 1 from each item, so that the total expected revenue from m
items is at most m x 1 = m. This shows a gap of Q(logm) = Q(logL).

The upper bound follows from a standard scaling argument. We start with (LPREV) which upper
bounds the optimal achievable revenue. For each (i, j), we group the r values in powers of 2 so that there
are (logL) groups. Let group G; denote the interval [2F,2¥1). We find a group Sk, that contributes at
least (1/logL) fraction to the sum Y, 7 g;;(r)x;;(r). Specifically, we require that

Y regij(r)-xij(r) > (1/1ogL) Y. r-gij(r)-xij(r).

reSk?j FG‘(Rij

Note that if we use the price 2k for the pair (i, j), and every (bidder, item) pair behaves as a separate
entity, then our expected revenue will be at least (1/2logL) times the optimal objective value of (LPREV).
Suppose that we modify the Steps 2, 3, and 4 of the algorithm in Figure 2: Instead of solving (LP2) and
randomly selecting 7;; € {r;,s 0 S] J} we solve (LPREV) and deterministically set 7;; = = 2Ky, Step 5 of the
algorithm is left unchanged. Using similar arguments as in the proof of Theorem 3.14, it is now easy to
see that the resulting sequential posted-price mechanism will give a Q(1/logL)-approximation to the
optimal revenue.

O]
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3.3.1 Adaptive posted-price schemes

The above implies that we cannot generalize the result in Section 3.2 even to the class of regular
distributions (see Definition 1.1). This is because an @(1) gap is introduced in going from (LPREV)
to (LP2). However, we can show that if the space of mechanisms is restricted, (LP2) itself is a good
relaxation to the optimal revenue in this space.

In particular, suppose that we restrict the space of mechanisms to be those that are posted price,
and sequential by bidder: Depending on the subset of items and bidders left, the mechanism adaptively
chooses the next bidder and posts prices for a subset of the remaining items. The bidder, being a utility
maximizer, solves a knapsack problem to choose the optimal subset of items. Once this bidder is dealt
with, the mechanism again adaptively chooses the next bidder depending on the acceptance strategy of
this bidder. Since the optimization problem the bidders need to solve is a two-dimensional KNAPSACK
problem, which is NP-hard, we assume that the bidders are monotone optimizers in the following sense.

Assumption 3.17. Suppose that we are given some adaptive posted-price scheme. Consider any pair (i, ),
where i € 1, j € J. Fix the valuations vy j corresponding to all other (bidder, item) pairs (i', j') # (i, j).
Also fix the KNAPSACK heuristics used by all the other bidders i’ # i. It follows that we can uniquely
determine the subset of items that will be offered to bidder i, and the prices at which those items will be
offered to bidder i. Under these circumstances, we assume that the quantity of item j taken by bidder i is
a monotonically non-decreasing function of v;;.

The above assumption holds if the bidder solves KNAPSACK optimally. Similar to the posted-price
scheme in Section 3.2.2, our algorithm itself will allow arbitrary KNAPSACK heuristics, as long as it
satisfies Assumption 3.17 and the bidder buys all the items if she is not constrained by either demand or
budget. Next, we state another assumption that will be used throughout the rest of Section 3.3.1.

Assumption 3.18. The valuations of different bidders for different items follow independent distributions,
that is, the random variables {v;;}icy jcg are mutually independent. Furthermore, the distribution fj;(-),
from which the random variable v;;j is drawn, is regular for alli €7, j € J.

Under Assumptions 3.17 and 3.18, we will show a O(1)-approximation to the revenue maximizing
adaptive posted-price mechanism. First, we consider the following nonlinear program.

Maximize ZZ Z gij(r)-4- pij(r)-xij(r) (SEQ)

i€l jegreR;;
Yjeg Lrew,; 8ij(r) - xij(r) < d; Vied (1)
Yjea Lrew,; 8ij(r) - Dij(r) - xij(r) < Bi Vied (2)
YicsYrew, 8ij(r) - xij(r) < 1 Vjed (3)
pij(r) - xij(r) < rexi(r)=Xiixi(s) Vied,jedreR; (4)
xij(r) € [0,1] Vied,jedreR; (5)
pij(r) € [0,7] Vied,jedreR; (6)
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Lemma 3.19. If the bidders are monotone optimizers, then the objective of the nonlinear program (SEQ)
upper bounds the revenue of the optimal adaptive posted-price mechanism.

Proof. Fix any adaptive posted-price mechanism, and let x;;(r) denote the probability that bidder i € J
obtains item j € J when V;; = r € R;; (Definition 3.2). Similarly, let p;;(r) denote the expected price
paid by bidder i for item j, conditioned on the events that V;; = r and bidder i obtains item j. Define
pij(r) = pij(r)/4. It follows that the auctioneer’s revenue is equal to the objective of (SEQ). Constraint 1
of (SEQ) holds since no bidder i buys more than d; items, constraint 2 holds since no bidder pays more
than her budget, and constraint 3 holds since no item is allocated more than once.

To interpret constraint 4, fix a bidder i € J, an item j € §, and also fix all the valuations vy j
corresponding to all other (bidder, item) pairs (7, j') # (i, j), and the KNAPSACK heuristics used by
every bidder i’ # i. This uniquely determines the subset of items (and their prices) that will be offered to
bidder i. If the adaptive posted-price mechanism offers item j to bidder i, then it posts a unique price p*
for the item. Given these conditions, let X;;(r) € [0, 1] denote the probability that bidder i takes item j
when V;; = r € R;j, and let P,j(r) = p* - X;;(r) denote the expected price paid by bidder i for item j when
Vij =r € R;j. We will show:

* r—1
= <p> 'Xij(l”) < I’-Xl'j(l”) — ZX,']'(S) for all r € :Rij- (315)

s=1

To verify equation (3.15), we consider two possible cases.

Case1l: p*/4 > B;/4.

In this case, bidder i never takes item j since the price exceeds her budget, implying that X;;(r) = P;;j(r) =0
for all r € R;;. Hence, equation (3.15) holds.

Case2: p*/4 <B,/4.

To analyze this case, first recall that we have already fixed both the valuations of bidder i for every
item j' # j, and the subset of items (and their prices) offered to bidder i. Next, note that if V;; =
min(v;;,B;/4) < B;/4, then v;; is also uniquely determined. Hence, we see that X;;(r) is either O or 1 for
all » < B;/4. However, at r = B; /4, the valuation v;; is not unique and X;;(r) can take a fractional value.
Since the bidder is a monotone utility maximizer (Assumption 3.17), we infer that X;;(r) is a monotone
step function of r, and this step function has at most one jump. If the step function has no jump at all,
then X;;(r) = O for all » € R;;, and equation (3.15) holds. Consequently, we assume that the step function
jumps at r* < B; /4, that is, X;;(r) = 0 for all » < r*, and X;;(r) = X;;(r*) > 0 for all r > r*. It is easy to
see that equation (3.15) holds for all » < r*.

Recall that p* /4 < B;/4. As a consequence, if V;; = min(v;;,B;/4) < p*/4, then v;; < p*/4 < p*.
Since bidder i never takes item j when v;; < p*, and since X;;(r*) > 0, it follows that p* /4 <r*. To
summarize, it remains to verify equation (3.15) only if p* /4 < r* <r < B;/4. In this situation, we get

(lzr*) - Xij(r) = (lj> X (r') <t X (r"). (3.16)
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Furthermore, we have

r—1

r‘Xij(r)—;XU( s) =r-X;j(r') = (r—=r)X;;(r*) = r*- X;;(r). (3.17)

Equation (3.15) follows from equations (3.16) and (3.17). Having verified equation (3.15), we proceed
with the proof of the lemma.

Taking expectation over all the remaining valuations {v;; }, where (7, ;') # (i, j), and recalling
the definitions of x;;(r), p;j(r), we see that x;;(r) = E[X;;(r)] and p;;(r)x;j(r) = E[P;;(r)]. Hence, equa-
tion (3.15) implies:

pij(r) - xi;(r) = Plz( r) xl.j(r):E[P’ifr)} roxi(r le, (3.18)

Thus, constraint 4 of (SEQ) holds, and the revenue maximizing adaptive posted-price mechanism is a
feasible solution to the nonlinear program (SEQ). O

Lemma 3.20. If the bidders are monotone optimizers, then (LP2) is a 4-approximation to the revenue of
the optimal adaptive posted-price scheme.

Proof. First, we take the optimal solution to the non-linear program (SEQ). Next, foralli € J,j € J, let
the range of V;; be given by R;; = {1,...,|R;;|}. We do the following:

ForallieJ,je ]
Forr=1,2,..., ‘:R”|
Increase the value of p;;(r) and decrease the value of x;;(r), ensuring that their prod-
uct p;;(r) - x;j(r) remains the same, and continue doing this until the corresponding
constraint 4 (defined by the tripe (i, j, r)) of the non-linear program (SEQ) becomes tight.

This preserves the objective of (SEQ) and all the other constraints. When this process terminates, we get
an optimal solution to (SEQ) where the constraint 4 is tight for all i € J, j € J,r € R;;. Hence, we can
replace p;;(r) - x;j(r) by the right hand side of constraint 4, and rewrite the non-linear program (SEQ) as a
linear program (LP3).

r—1
Maximize ZZ Z gij(r)-4- (r-x,-j(r) — le,-j(s)> (LP3)

ic] jedreR;;
Z/EHZrER,]gu( ) xl](r) < d; Vield
Yjcg Lrew,; 8ij(r r) - (rxii(r) —XiZixii(s)) < B Vield
ZzeJZrefR,,gu( r)- J(’”) < 1 vVjed
xlj(r) S [0,1] \V/iEj,jEH,FGR,’j

Now, we invoke Lemma 3.11 and deduce that (LP3) is equivalent to the following linear program.
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Maximize ZZ Z 4-g;i(r)- @ij(r)-xi(r) (LP4)

i€l jed reR;;
Zje;JZreR,-jgij(”)'xij(’”) < d; Viel
Yicg Lrew, &ij(r) - @ij(r)-xij(r) < Bi Vi€l
Yics Yrew,; &ij(r) xij(r) < 1 vjed
x,-j(r) S [0,1] ViEJ,jEH,rEfR,-j

Hence, the objective of (LP4) upper bounds the revenue of the optimal adaptive posted-price scheme
when the bidders are monotone optimizers. The lemma follows from comparing (LP4) with (LP2). [

The final mechanism and analysis are the same as in Section 3.2: Solve (LP2), and making use of
Assumption 3.18, decompose the LP solution into a convex combination of posted prices per edge, and
sequentially post these prices for every bidder. To complete the analysis, note that Lemma 3.13 only
requires that the distribution g;;(-) be regular. This shows the following theorem:

Theorem 3.21. There is a polynomial time O(1)-approximation to the revenue of the optimal adaptive
posted-price scheme, when the bidders are monotone optimizers, and the valuations of different bidders
for different items are drawn from mutually independent regular distributions.

Acknowledgments: We thank Shuchi Chawla, Vincent Conitzer, and Peng Shi for helpful discussions,
and the anonymous reviewers for detailed reviews.
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