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Abstract: In this paper we present a randomized polynomial-time approximation algorithm
for MAX-k-CSP,;. In MAX-k-CSP,ywe are given a set of predicates of arity k over an
alphabet of size d. Our goal is to find an assignment that maximizes the number of satisfied
constraints.

Our algorithm has approximation factor Q(kd /d*) (when k > Q(logd)). The best previ-
ously known algorithm has approximation factor Q(klogd /d*). Our bound is asymptotically
optimal when d = Q(d).

We also give an approximation algorithm for the Boolean MAX-k-CSP, problem with a
slightly improved approximation guarantee.
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1 Introduction

We design an approximation algorithm for MAX-k-CSP,, the maximum constraint satisfaction problem
with k-ary predicates and domain size d. In this problem, we are given a set {x, },cx of variables and a
set P of predicates. Each variable x,, takes values in [d] = {1,...,d}. Each predicate P € P depends on
at most k variables. Our goal is to assign values to variables so as to maximize the number of satisfied
constraints.
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There has been a lot of interest in finding the approximability of MAX-k-CSP,; in the complexity
community motivated by the connection of MAX-k-CSP, to k-bit PCPs. Let us briefly review the known
results. Samorodnitsky and Trevisan [12] showed that the Boolean MAX-k-CSP; problem cannot be
approximated within a factor of 9(22\/’; /2¥) if P # NP. Later Engebretsen and Holmerin [7] improved
this bound to Q(Z\/ﬂ /2%). For non-Boolean MAX-k-CSP,, Engebretsen [6] proved a hardness result
of dOVP /d*. Much stronger inapproximability results were obtained assuming the Unique Games
Conjecture (UGC). Samorodnitsky and Trevisan [13] proved the hardness of O(k/ 2") for the Boolean
MAX-k-CSP,. Austrin and Mossel [1] and, independently, Guruswami and Raghavendra [8] proved the
hardness of O(kd? /d*) for non-Boolean MAX-k-CSP,. Moreover, Austrin and Mossel [1] proved the
hardness of O(kd /d*) for every d and infinitely many k; specifically, their result holds for d and k such
thatk = (d" —1)/(d — 1) for some ¢ € N. Based on this result of Austrin and Mossel and our matching
algorithmic result (see below), we made a conjecture that the hardness of O(kd /d*) holds for every d and
all sufficiently large k. Hastad proved this conjecture—he strengthened the result of Austrin and Mossel
and showed the hardness of O(kd/d*) for every d and k > d. With his permission, we present his result
in Section 8. Later Chan [2] proved the hardness of O(kd /d¥) for every d and k > d assuming only that
P # NP.

On the positive side, approximation algorithms for the problem have been developed in a series
of papers by Trevisan [14], Hast [9], Charikar, Makarychev and Makarychev [4], and Guruswami and
Raghavendra [8]. The best currently known algorithm for k-CSP,; by Charikar et al. [4] has approximation
factor of Q(klogd/d"). Note that a trivial algorithm for MAX-k-CSPy that just picks a random assignment
satisfies each constraint with probability at least 1/d¥, and therefore its approximation ratio is 1/a*.

The problem is essentially settled in the Boolean case. We know that the optimal approximation
factor is ®(k/2%) assuming P # NP. However, the best known lower and upper bounds for the non-
Boolean case do not match. In this paper we present an approximation algorithm for non-Boolean
MAX-k-CSP, with approximation factor Q(kd /d*) (for k > Q(logd)). This algorithm is asymptotically
optimal (when k > d)—it is within a constant factor of the upper bounds of Austrin and Mossel [1],
Hastad (see Section 8), and Chan [2]. Our result improves the best previously known approximation
factor of Q(klogd /d").

Related work. Raghavendra studied a more general MAX-CSP(P) problem [11].

He showed that the optimal approximation factor equals the integrality gap of the standard SDP
relaxation for the problem (assuming UGC). His result applies in particular to MAX-k-CSP,. However,
the SDP integrality gap of MAX-k-CSPy is not known.

Overview. We use semidefinite programming (SDP) to solve the problem. In our SDP relaxation,
we have an “indicator vector” u; for every variable x, and value i; we also have an “indicator vector” z¢
for every constraint C. In the intended solution, u; is equal to a fixed unit vector e if x,, = i, and u; = 0 if
x, # i; similarly, zc = e if C is satisfied, and z¢ = 0, otherwise.

It is interesting that the best previously known algorithm for the problem [4] did not use this SDP
relaxation; rather it reduced the problem to a Boolean MAX-k-CSPproblem, which it solved in turn
using semidefinite programming. The only previously known algorithm [8] that directly rounded an SDP
solution for MAX-k-CSP, had approximation factor Q (k/d’ /d").

One of the challenges of rounding the SDP solution is that the vectors #; might have different lengths.
Consequently, we cannot just use a rounding scheme that projects vectors on a random direction and
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then chooses vectors that have largest projections, since this scheme will choose longer vectors with
disproportionately large probabilities. (In fact, if we apply this rounding scheme, we will get an Q(k/d*)
approximation, which is worse than the Q(klogd /d*) approximation of [4].) To deal with this problem,
we first develop a rounding scheme that rounds uniform SDP solutions, solutions in which all vectors
are “short.” Then we construct a randomized reduction that converts any instance to an instance with a
uniform SDP solution.

Our algorithm for the uniform case is very simple. First, we choose a random Gaussian vector g.
Then, for every u, we find u; that has the largest projection on g (in absolute value), and let x,, = i.
However, the analysis of this algorithm is quite different from analyses of similar algorithms for other
problems (e. g., [10, 3, 5]): when we estimate the probability that a constraint C is satisfied, we have
to analyze the correlation of all vectors u; with vector z¢ (where {u;} are SDP vectors for variables x,
that appear in C, z¢ is the SDP vector for C), whereas the standard approach would be to look only at
pairwise correlations of vectors {u;}; this approach does not work in our case, however, since vectors
corresponding to an assignment that satisfies C may have very small pairwise correlations, but vectors
corresponding to assignments that do not satisfy C may have much larger pairwise correlations.

Remark 1.1. We study the problem only in the regime when k > Q(logd). In Theorem 5.1, we prove
that when k = O(logd) our algorithm has approximation factor ek /d*. However, in this regime, there
is a very simple greedy approximation algorithm that has a better approximation factor of Q(d /d*). For
completeness, we present this algorithm in Section 9.

Other Results. We also apply our SDP rounding technique to the Boolean M AX-k-CSPProblem.
We give an algorithm that has approximation guarantee ~ 0.62k/2* for sufficiently large k. That slightly
improves the best previously known guarantee of ~ 0.44k /2 [4]. We present this result in Section 6.

In Section 2, we formally define the problem and present our SDP relaxation. In Section 3, we give
an algorithm for rounding uniform SDP solutions. In Section 4, we present a reduction that reduces an
arbitrary instance to an instance with a uniform solution. In Section 5, we put all pieces of our algorithm
together and prove Theorem 5.1, the main result of this paper. In Section 6, we apply our techniques to
Boolean MAX-k-CSP. In Section 7, we prove an inequality for Gaussian random variables, which we use
in the analysis of the algorithm (we use this inequality in Section 3; however, we choose to describe its
proof in Section 7 since the proof is elementary but technical). In Section 8, we present Hastad’s hardness
result for MAX-k-CSP,. Finally, in Section 9, we present a simple greedy approximation algorithm for
MAX-k-CSP, that performs better than our SDP algorithm when k = O(logd).

2 Preliminaries

We apply the approximation preserving reduction of Trevisan [14] to transform a general instance of
MAX-k-CSPy, to an instance where each predicate is a conjunction of terms of the form x,, = i. The
reduction replaces a predicate P, which depends on variables x, , ..., x,,, with a set of clauses

{Go, =0) A=A (xy, =ix) : P(i1,...,0x) is true} .

Then it is sufficient to solve the obtained instance. We refer the reader to [14] for details. We assume
below that each predicate is a clause of the form (x,, =ij) A--- A (xy, = ix).
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Definition 2.1 (Constraint satisfaction problem). An instance J of MAX-CSP, consists of

e aset X of “indices,”
* aset {x, },ex of variables (there is one variable x, for every index u € X),

e aset C of clauses.

Each variable x, takes values in the domain [d] = {1,...,d}. Each clause C € C is a set of pairs (u,)
where u € X and i € [d]. An assignment x = x™ satisfies a clause C if, for every (u,i) € C, we have x}, = i.
We assume that no clause C in € contains pairs (u,i) and (u, j) with i # j (no assignment satisfies such
clause). The length of a clause C is |C|. The support of C is supp(C) = {u : (u,i) € C}.

The value of an assignment x* is the number of constraints in C satisfied by x*. Our goal is to find an
assignment of maximum value. We denote the value of an optimal assignment by OPT = OPT(J).

In the MAX-k-CSP, problem, we additionally require that all clauses in C have length at most k.

We consider the following semidefinite programming (SDP) relaxation for MAX-CSP,. For every
index u € X and i € [d], we have a vector variable u;; for every clause C, we have a vector variable zc.

maximize: Z llze||?

cec
subject to:
Z||M1H2<1 forevery u € X,
<ul7u]> forevery u € X,i,j € [d] (i # j),
(uiszc) = HZCH2 forevery C € C, (u,i) € C,
(uj,zc) = forevery C € C, (u,i) € Cand j# .

Denote the optimal SDP value by SDP = SDP(J). Consider the optimal solution x* to an instance J and
the corresponding SDP solution defined as follows:

e, ifx =i e, if Cis satisfied;
uj = . ic = .
0, otherwise; 0, otherwise;

where e is a fixed unit vector. It is easy to see that this is a feasible SDP solution and its value equals
OPT(J). Therefore, SDP(J) > OPT(J).

Definition 2.2. We say that an SDP solution is uniform if ||u;||> < 1/d for every u € X and i € [d].

Definition 2.3. Let £ be a standard Gaussian variable with mean 0 and variance 1. We denote
®(t) =Pr(|§| <1) 1 /t e /%dx, and
= = — x,
o V2T J—t

O(t)=1-D()=Pr(|€| >1).
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We will use the following lemma, which we prove in Section 7.

Lemma 2.4. For everyt > 0and B € (0,1], we have
B(Br) < B(1)F.
We will also use the following result of Sidak [15].

Theorem 2.5 (gidék [15]). Let &y, ..., &, be jointly Gaussian random variables with mean zero and an
arbitrary covariance matrix. Then for any positive t1,. .., t,,

.
Pr(l&i| <t1,1&| <t |6 < 1) = []Pr(l&i <)
i=1

3 Rounding uniform SDP solutions

In this section we present a rounding scheme for uniform SDP solutions.

Lemma 3.1. There is a randomized polynomial-time algorithm that given an instance J of the MAX-
CSP, problem (with d > 57) and a uniform SDP solution, outputs an assignment x such that for every
clause C € C:
min(||zc||*|C]d/8,el!)

2dICl ’

Proof. We use the rounding algorithm described in Figure 1 below.

Pr (C is satisfied by x) >

Rounding Scheme for Uniform SDP solutions
Input: an instance of the MAX-CSP, problem and a uniform SDP solution.
Output: an assignment x.

* Choose a random Gaussian vector g so that every component of g is distributed as a Gaussian
variable with mean 0 and variance 1, and all components are independent.

e Forevery u € X, let x|, = argmax; | (u;, g)/|.

* For every u € X, choose x// uniformly at random from [d] (independently for different u).

 With probability 1/2 return assignment x’; with probability 1/2 return assignment x”.

Figure 1: Rounding Scheme for Uniform SDP solutions.
For every clause C, let us estimate the probabilities that assignments x’ and x” satisfy C. It is clear that
x" satisfies C with probability d~/°/. We prove now that x’ satisfies C with probability at least d—3IC1/4 if
lzcl? > 8/(ICld).
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Claim 3.2. Suppose C € € is a clause such that ||zc||* > 8/(|C|d) and d > 57. Then the probability that
the assignment X' satisfies C is at least d—3I€V/*

Proof. Denote s = |C|. We assume without loss of generality that for every u € supp(C), (u,1) € C.
Note that for (u,i) € C, we have ||z¢||? = (zc,u;) < ||zc|| - ||uil| < ||zc||/V/d (here we use that the SDP
solution is uniform and therefore ||u;||> < 1/d). Thus ||z¢c||*> < 1/d. In particular, s = |C| > 8 since
Jcll? = 8/(ICld).

For every u € supp(C), let u{ = u; —z¢. Let %1 = (g, ulﬂ and %,; = (g,u;) fori > 2. Let yc = (g,2¢).
All variables ¥, ;, ¥c are jointly Gaussian random variables. Using that for every two vectors v and w,

E[(g,v) - (g:w)] = (v,w), we get
EYe Va1l = (zcyu1 — z¢) = (zc,u1) — ||zc||* = 0;

E Y- Yuil = (zc,ui) =0 fori>2.

Therefore, all variables ¥, ; are independent from yc. (However, for «’,u” € supp(C) variables ¥, ; and
Y. j are not necessarily independent.) Let M = ®~'(1/d*/)/\/sd /8. We write the probability that x'
satisfies C,

Pr (x' satisfies C) = Pr(argmax; |(g,u;)| = 1 for every u € supp(C))
=Pr(|(g,u1)| > |{g,u;)| for every u € supp(C),i € {2,...,d})
=Pr(|%.1 + Y| > |%.i| for every u € supp(C),i € {2,...,d})
> Pr(|yi1| < M/2, and |y, < M/2

for every u € supp(C),i € {2,....d} | |ve| > M) -Pr(|yc| > M).
Since all variables ¥, ; are independent from ¢,
Pr (x' satisfies C) > Pr(|y,i| < M /2 for every u € supp(C),i € {1,...,d}) -Pr(|yc| > M).

By Siddk’s Theorem (Theorem 2.5), we have

Pr (x' satisfies C) < I HPr || <M/2)> Pr(|yc| >M). 3.1
uesupp(C) i
We compute the variance of vectors 7%,;. We use that Var[(g,v)] = ||v||? for every vector v and that the

SDP solution is uniform.

Var(yu1] = lluy || = = zc|® =l |I* = 2¢ur,20) + llzc|® = [* = llzcl® < [l ||* < 1/d:

Var[¥,i] = ||wil|* < 1/d  fori>?2.

Hence since ®(¢) is an increasing function and & (1) < ®(1)* (by Lemma 2.4), we have

Pr (|| < M/2) = D(M/(2y/Var[y.])) > ®(VdM/[2) = 1 —D(VdM/2)
> 1 —®(\/sd/8M)*/* =1—(d~/?) =1-d"!
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(recall that we defined M so that ®(+/sd /8 M) = d~*/?). Similarly, Var[yc] = ||z¢||* > 8/(sd) (by the
condition of the lemma). We get (using the fact that ®(¢) is a decreasing function),

Pr(lye| > M) = B(M//Varly]) > B(M/5d/8) = d~/*.
Plugging in bounds for Pr (|7, ;| <M/2) and Pr(|yc| > M) into (3.1), we obtain
Pr (x’ satisfies C) > (1 —d B2 > g,

Here, we used that (1 —d )¢ > d~/* for d > 57 (the inequality (1 —d~")? > d~'/* holds for d > 57
since it holds for d = 57 and the left hand side, (1 — d! )d , 1s an increasing function, the right hand side,
d~1/4, is a decreasing function). O

We conclude that if ||zc||* < 8/(|C|d) then the algorithm chooses assignment x” with probability
1/2 and this assignment satisfies C with probability at least 1/dI€l > ||z¢||?|C|d/(8d!°!). So C is
satisfied with probability at least, 1/d/ > ||zc[|?|C|d/(16d); if ||zc||> > 8/(|C|d) then the algorithm
chooses assignment x’ with probability 1/2 and this assignment satisfies C with probability at least
d—3cl/4 > e‘C|/d|C‘ (since e < 571/4 < d1/4). In either case,

min(||zc|*|C]d/8,e/!)

o S
Pr(C is satisfied) > 5 C]

O
Remark 3.3. We note that we did not try to optimize all constants in the statement of Lemma 3.1. By
choosing all parameters in our proof appropriately, it is possible to show that for every constant € > 0,
there is a randomized rounding scheme, 6 > 0 and dy such that for every instance of MAX-CSP; with
d > dj the probability that each clause C is satisfied is at least min((1 — &)||z¢||? - |C|d, & - €9I€1) /dI€].

4 Rounding arbitrary SDP solutions

In this section we show how to round an arbitrary SDP solution.

Lemma 4.1. There is a randomized polynomial-time algorithm that given an instance J of the MAX-
CSP, problem (with d > 113) and an SDP solution, outputs an assignment x such that for every clause
CefC:

min(||zc||?|C|d/64,2eI€!/8)
44/l :
Proof. For every index u, we sort all vectors u; according to their length. Let S, be the indices of [d /2]

shortest vectors among u;, and L, = [d] \ S, be the indices of |d/2] longest vectors among u; (we break
ties arbitrarily). For every clause C let r(C) = | {(u,i) € C:i € S,}|.

Pr(C is satisfied by x) >

Claim 4.2. For everyi € S, we have ||u;||* < 1/|S.].

Proof. Let i € S,. Note that [|u;||*+ ¥, [luj[|*> < 1 (this follows from SDP constraints). There are
at least [d/2] terms in the sum, and ||u;||? is the smallest among them (since i € S,,). Thus ||u;]|> <
1/1d/2] = 1/|Sul. [
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We use a combination of two rounding schemes: one of them works well on clauses C with r(C) >
|C|/4, the other on clauses C with r(C) < |C|/4.

Lemma 4.3. There is a polynomial-time randomized rounding algorithm that given a MAX-CSP,
instance J with d > 113 outputs an assignment x such that every clause C with r(C) > |C|/4 is satisfied
with probability at least
min(||zc||*|C|d/64,e/V*)
2d/C! '

Proof. We will construct a sub-instance J’ with a uniform SDP solution and then solve J’ using Lemma 3.1.
To this end, we first construct a partial assignment x. For every u € X, with probability |L,|/d = |d/2]/d,
we assign a value to x, uniformly at random from L,; with probability 1 — |L,|/d = |S,|/d, we do not
assign any value to x,. Let A = {u:x, is assigned}. Let us say that a clause C survives the partial
assignment step if for every (u,i) € Ceitheru € Aand i =x,,oru ¢ Aandi € S,.

The probability that a clause C survives is

H Pr (x, is assigned value i) H Pr (x, is unassigned)

(u,i)eCieLy, (u,i)€C €S,
_(lap] 1 NO rfapNT© (/2170
d |d/2] d dicl

For every surviving clause C, let C' = {(u,i) : u ¢ A}. Note that for every (u,i) € C' we have i € S,,.
We get a sub-instance I’ of our problem on the set of unassigned variables {x, : u ¢ A} with the set of
clauses {C’ : C € C survives}. The length of each clause C’ equals r(C). In sub-instance J', we require that
each variable x, takes values in S,,. Thus J’ is an instance of MAX CSP problem with d’ = |S,| = [d/2].

Now we transform the SDP solution for J to an SDP solution for J': we let zor = z¢ for surviving
clauses C, remove vectors u; for all u € A, i € [d] and remove vectors z¢ for non-surviving clauses C. By
Claim 4.2, this SDP solution is a uniform solution for 9’ (i.e., ||u;||> < 1/d’ for every u ¢ A and i € S;;
note that J’ has alphabet size d’). We run the rounding algorithm from Lemma 3.1. The algorithm assigns
values to unassigned variables x,,. For every surviving clause C, we get

min(|zc|*|C"|d"/8,¢“)

Pr(C is satisfied by x) = Pr (C' is satisfied by x) >

24"
_ min(|jzc[*r(C)d'/8,e"?) _ min(]|zc|P|C|d/64,e*)
N 24'"(€) - 24'"(C) :

Therefore, for every clause C,

Pr(C is satisfied by x) > Pr(C is satisfied by x | C survives) Pr (C survives)

min(||zc||?|C|d/64,el€1/*) ~ [d /2]
2 X
= 2d/r(C) IC]
_ min(|Jzc|’|C|d/64,€l€V*)
; 2/ :
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Finally, we describe an algorithm for clauses C with r(C) < |C|/4.

Lemma 4.4. There is a polynomial-time randomized rounding algorithm that given an MAX-CSP
instance J outputs an assignment x such that every clause C with r(C) < |C|/4 is satisfied with probability
at least elC1/8 /dIC1.

Proof. We do the following independently for every vertex u € X. With probability 3/4, we choose x,
uniformly at random from L, ; with probability 1/4, we choose x, uniformly at random from S,,. The
probability that a clause C with r(C) < |C|/4 is satisfied equals

0 -2 [ b2 ye
4ILu] AlSu[ - dIT \4|Ly| 41S.|

(u,i)eC,i€L, u,i)eC,ies,

1 [ sicl/4 ;o4 |C\/4>L 3 3/4 J 1/4\ €]
—dIcl \ 4|L,| 418, —dlcl 2 2(d+1) '
3/4 1/4 3/4 1/4
3 d 2 (3 113 S olls
2 2(d+1) ~\2 2-114 =

Therefore, the probability that the clause is satisfied is at least e/€!/8 /d . g

Note that

We run the algorithm from Lemma 4.3 with probability 1/2 and the algorithm from Lemma 4.4 with
probability 1/2. Consider a clause C € C. If r(C) > |C|/4, we satisfy C with probability at least

min(||zc||?|C|d/64,el€!/%)
44/C| '

If r(C) < |C|/4, we satisfy C with probability at least elI/8 /(24/C1). So we satisfy every clause C with
probability at least
min(||zc||C|d /64, 2¢I°I/8)

2dIC] =

5 Approximation algorithm for MAX-k-CSP,

In this section we combine results from previous sections and prove the main theorem of the paper.

Theorem 5.1. There is a polynomial-time randomized approximation algorithm for MAX-k-CSP, that
given an instance J finds an assignment that satisfies at least Q(min(kd,e*/3) OPT(3) /d*) clauses with
constant probability.

Proof. If d < 113, we run the algorithm of Charikar, Makarychev and Makarychev [4] and get Q(k/d*)
approximation. So we assume below that d > 113. We also assume that kd /d* > 1/|€|, as otherwise we
just choose one clause from € and find an assignment that satisfies it. Thus d* is polynomial in the size of
the input.
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We solve the SDP relaxation for the problem and run the rounding scheme from Lemma 4.1 d* times.
We output the best of the obtained solutions. By Lemma 4.1, each time we run the rounding scheme we
get a solution with expected value at least

y min(||z¢c||?|C|d /64,2eIC1/8) = min(kd /64,2e/8)
cee 4d|C‘ B cee 4dk
min (kd /64,2ex/®)
>
= 4d*

2> min (kd /64,2e/8)

lzc||* > v SDP(J)

OPT(J).

Denote o = min(kd /64,2e/%) /4d*. Let Z be the random variable equal to the number of satisfied clauses.
Then E [Z] > aOPT(J), and Z < OPT(J) (always). Let p = Pr(Z < aOPT(J)/2). Then

p-(@OPT(9)/2) + (1 — p)-OPT(J) > E[Z] > a OPT(J).

So

So with probability at least 1 —p > a/(2 — a), we find a solution of value at least ¢ OPT(J)/2 in one
iteration. Since we perform @ > 1/ iterations, we find a solution of value at least « OPT(J)/2 with
constant probability. O

6 Improved approximation factor for Boolean MAX-k-CSP

In this section we present an approximation algorithm for the Boolean Maximum k-CSP problem, MAX-
k-CSP,. The algorithm has approximation factor 0.626612k/2F if k is sufficiently large. This bound
improves the previously best known bound of 0.44 k/2F [4] (if k is sufficiently large).

Our algorithm is a slight modification of the algorithm for rounding uniform solutions of MAX-k-
CSP,;. We use the SDP relaxation presented in Section 2. Without loss of generality, we will assume
below that all clauses have length exactly k. If a clause C is shorter, we can introduce k — |C| new variables
and append them to C. This transformation will not change the value of the instance.

First, we describe a rounding scheme for an SDP solution {uy,u},cx U {zc}cce-

Lemma 6.1. There is a polynomial-time randomized rounding algorithm such that for every clause C € C
the probability that the algorithm satisfies C is at least

1)kdt, where hy (1) = 2®(Bt)e " /2,

1 oo
2’<«/27r/k/0 g
and B = Vk||zc|J2.

Proof. We round the SDP solution as described in Figure 2 below.
Consider a clause C € C. We assume without loss of generality that C = {(u, 1) : u € supp(C)}. Let
Yo = (zc,g) and ¥, = (up — u; + z¢, g) for u € supp(C). Note that all variables Y and ¥, are jointly
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SDP Rounding Scheme for MAX-k-CSP;
Input: an instance of MAX-k-CSP; and an SDP solution.
Output: an assignment x.
* Choose a random Gaussian vector g so that every component of g is distributed as a Gaussian
variable with mean 0 and variance 1, and all components are independent.

* For every u € X, let x, = argmax; (u;,g).

Figure 2: SDP Rounding Scheme for MAX-k-CSP,.

Gaussian. We have for u € supp(C),
Varlye] = |lzcll* = B*/k  (where B = vk zcl)>),
Varly,] = [luz — 1 +zc || = |t |* + ual > + [z |* = 2(ur,z¢) = o> + fluz | = llze* < 1,
E [1c¥] = (zc,u2 —u1 +2¢) = (zc,u2) — (ze.un) + (zc,2¢) = 0= |lze | + ||zc|* =

Therefore, all random variables ¥, for u € supp(C), are independent from }¢. The probability that C is
satisfied equals

Pr(C is satisfied) = Pr ((u;,g) > (up,g) for every u € supp(C))
=Pr(yc > 7, for every u € supp(C)) > Pr (|| < ¥c for every u € supp(C))
= Ey. [Pr(|7u] < ¥ for every u € supp(C) | 1c)]

lett =yc/B 1 /°° Pr
\2m/k Ji=0
We use here that Var[yc/B] = 1/k. By Siddk’s Theorem (Theorem 2.5), we have
Pr(|y,| < Bt for every u € supp(C)) > H Pr(|y| < Bt) = H D(Bt/+/ Var[1.])

u€esupp(C) u€esupp(C)

> J] d)ﬁt O (Br)*.

uesupp(C

(|| < Bt for every u € Supp(C))e_k’2/2 dr .

We conclude that

Pr(C is satisfied) > (t)kdr. O

k\/2m/k /

Let g(B) = max;cr hg(t) (hg(t) attains its maximum since Ag(t) — 0 as t — o). Note that g() is
an increasing function since /g (t) is an increasing function of 8 for every fixed 7. Additionally, g(0) =0
and limg_,..g(B) = 2 since g(B) > hg (B~1/?) =2d(\/B)e1/?P) — 2 as B — oo, and for every B and
1, hg(t) < 2. Therefore, g~ is defined on [0,2). Let By = g~ '(1). It is easy to check numerically that
Po € (1.263282,1.263283).
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Figure 3: The figure shows the graph of g(7). Note that g(z) > 1 when ¢ > By ~ 1.263282.

Claim 6.2. For every B > [y there exists ko (which depends only on ) such that if k > ko and ||zc|| >

B/ Vk then the probability that the algorithm from Lemma 6.1 returns an assignment that satisfies C is at
least k? /2F.

Proof. Let &1 = (g(B) —1)/2 > 0. Let & be the measure of the set {7 : hg(r) > 1+ & }. Since hg(t) is
continuous, & > 0.
The probability that C is satisfied is at least

1 > e(l+g)k
= hg(e)har > 2 TEL
2k,/2n/k/o plt)dt 2 2k /27 ]k

We choose kg so that for every k > ko

e(1+e) >\ 2n/k-k*.
Then if k > ko the probability that the clause is satisfied is at least k% /2. O

Now we are ready to describe our algorithm.

Theorem 6.3. There is a randomized approximation algorithm for the Boolean MAX-k-CSPproblem
with approximation guarantee ok /2% where oy — a9 > 0.626612 as k — oo and o = l/ﬁg. (Here, as

above, By is the solution of the equation g(B) = 1 where g(B) = max,cr 2®(B1)e /%)

Proof. The algorithm with probability p = 1/k rounds the SDP solution as described in Lemma 6.1, with
probability 1 — p, it choses a completely random solution.

Let @ < ap. We will show that if £ is large enough, every clause is satisfied with probability at
least otk /2. Let B = (Bo+ o= '/2)/2 € (Bo, o~ '/?) (recall that o='/% > 060_1/2 = Po). Let ko be as in
Claim 6.2. Suppose that k > max (ko, (1 — af?)~").

Consider a clause C. We show that the algorithm satisfies C with probability at least o||z¢||?k/2%.

Indeed, we have:

o If ||zc|| < B/V'k, the clause is satisfied with probability at least

1— p)k|zc|)?
1=yt = U > ey,
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o If ||z¢|| > B/V/k, the clause is satisfied with probability at least p - k% /2% = k/2F > k||z¢||? /2*.
We conclude that the algorithm finds a solution that satisfies at least

otk
Z |zc||* = == -SDP> —~ > - OPT

Ce(i’

clauses in expectation. By running this algorithm polynomially many times (as we do in Theorem 5.1),
we can find a solution of value at least o’k OPT/2* for every constant &’ < o with high probability. [

7 Proof of Lemma 2.4

In this section we prove Lemma 2.4. We will use the following fact.
Lemma 7.1 (see, e. g., [3]). Foreveryt >0,

2 B < et
—— € € .
V2m (12 +1)

Lemma 2.4. For everyt > 0 and 3 € (0, 1], we have
d(Br) < d(1)P.

Proof. Rewrite the inequality we need to prove as follows: (®(Br))"/ P < ®(t). Denote the left hand
side by f(B,1):

f(B.1) =®(Br) /P

We show that for every r > 0, f(f3,7) is a non-decreasing function as a function of 8 € (0, 1]. Then,

(B(B))'F* = f(B,1) < f(1,1) = B(1).

We first prove that (ﬁ ) > 0fort > 0. Write,

) ) ) ) } e /2
afa(zls’t) = —21log(®(r)) (1) +1/(1) = ~21og(®(1)) (1) - Ztm |

Consider two cases.

Case 1: t > /2¢/m. By Lemma 7.1,

d(r) < 2 e /2 < g 1/26-12/2 _ o—(P+1)/2
27t N

Hence, —2log(®(z)) > (> + 1), and by Lemma 7.1,

2e /2

V2m
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Thus 241 > 0.

Case 2: t < /2¢/m. Let p(x) = —logx/(1 —x) for x € (0, 1) and write,

i 3 . L r B(1))re—12/2
~log(1) = p(®(1)) (1~ (1)) = PP [ gy 2PAPUNCT

V2m V2n
e of(1,1) S e 2 e/ U
—op — 2lee(®) () - = > = X (2p(2(0))P() - 1).

Assume first that ®(¢) > 1/3. Note that 2xp(x) > 1 for x € [1/3,1] since the function xp(x) is
increasing and p(1/3) > 3/2. Hence 2®(t)p(®(¢)) > 1 and thus af% 1) 5 0.

Assume now that ®(¢) < 1/3 (we still consider the case t < y/2e/7). Then, ®(t) > P(1/2¢/7m) > 1/6
and hence ®(r) € (1/6,1/3). Since the function —xlogx is increasing on the mterv (0,e” )

~2og(®(1)) B(1) > ~2log(1/6) £ > 1.

—12/2

The function te attains its maximum at ¢ = 1, thus

2te /2 2e12

iz S Vam 2
We get /
If(1, o 2te /2
f8([3 H_ —2log(P(1)) P(t) — t\e/ﬁ > 0.

Since a];(é’t) > 0, for every ¢’ > 0 there exists & > 0 such that for all € € (0, &), f(1—¢,t') < f(1,).
Particularly, for ¢’ = Bz, some & > 0 and every € € (0, &), we have

FB.t) = F(LOF > f(1—e, )P > f(1—€)B,1).

Therefore, f(f,t) is a non-decreasing function of f3. O

8 Hardness of MAX-k-CSP,

In this section we present Hastad’s hardness result for MAX-k-CSP,.

Definition 8.1. Let f(k,d) be the infimum of all C such that there is a C/d* approximation algorithm for
MAX-k-CSP,.

Hastad proves that f(k,d) < 4kd for k > d, assuming the Unique Games Conjecture. His result is
based on the following theorem of Austrin and Mossel [1].
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Theorem 8.2 (Austrin and Mossel [1]). Let X1,..., Xk be a family of k pairwise independent random
variables defined on a sample space Q that take values in a set of size d. Then f(k,d) < |Q| assuming
the Unique Games Conjecture.

Theorem 8.2 shows that in order to prove that f(k,d) = O(kd), it suffices to construct a family of k
pairwise independent random variables defined on a sample space of size O(kd).

Lemma 8.3. Let p be a prime number. Suppose that d and k are powers of p, and p < d < k. Then there
exist k random variables defined on a sample space € such that

* each random variable is uniformly distributed in a set of size d.
* all variables are pairwise independent, and
* |Q|=kd.

Proof. Let F be a finite field of size p and E be an extension of F of size k. Note that E is a linear space
over F. Let L be a linear subspace of E of dimension log,d (L is not necessarily a subfield of E). Then
|L| =d. Let 7 be a projection of E on L. Consider the probability space Q = E x L with uniform measure.
Define the following family of random variables indexed by elements of E:

Xe(a,b) = w(ae)+b where (a,b) € Q.

Note that |Q| = |E X L| = kd, the domain size of each random variable is |L| = d, and the number of
random of variable is |E| = k. We show now that random variables { x. }.cg are uniformly distributed in
L and pairwise independent.

Consider a random variable y,. Note that y, = 7(ae) + b is uniformly distributed in L when a is fixed
and b is random. Therefore, ¥, is also uniformly distributed in £ when both a and b are random.

Now consider two random variables x, and x,. Observe that ), — X = m(a(e —¢€')). Since e # ¢/,
we have that a(e — ¢’) is uniformly distributed in E, and thus ), — X is uniformly distributed in L. For
every ¢,c’ € L, we have

Pr(ge=c0=¢)=Pr(fe=c,Xe—Xe=c—C) =Eu[Pr(xe =c,xe — X0 =c—c'| a)]
=EalPr(xe=cla) 1y _y,—c-c] =Ba[l/|L| - 1y_y,—c—c] =1/|L]?,

where 1y, 5 ,—— 18 the indicator of the event Y, — X, = ¢ — ¢’. Therefore, X, and y,. are independent. [
Theorem 8.4. For every, k > d > 2, we have f(k,d) < 4kd.

Proof. Let k' =22kl ¢ [k,2k), and &’ = 2'"°224] € [d,2d). We apply Lemma 8.3 with parameters p = 2,
k" and d’. We get that there are k' pairwise independent random variables taking values in a set of size d’
defined on a sample space Q of size k'd’. We choose k among these k' random variables (arbitrarily).
By Theorem 8.2, we have f(k,d’") < |Q| = k'd" < 4kd. Tt was shown in [4] that the function f(k,d)
is monotone in d. Therefore, f(k,d) < f(k,d") < 4kd. O
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9 Simple greedy algorithm for MAX-k-CSP,

In this section we present a very simple approximation algorithm for MAX-k-CSP,; with approximation
guarantee Q(d/d¥). This algorithm gives a better approximation than our algorithm from Theorem 5.1
when k = O(logd).

Theorem 9.1. There is a (d/e) /d* approximation algorithm for MAX-k-CSPy.
Proof. Our algorithm consists of two steps. In the first step, for every u € V,
« with probability (k— 1)/k, we assign x, a value x), € [d] uniformly at random;
* with probability 1/k, we do not assign any value to x,,.

We get a partial assignment x’. In the second step, we assign values to unassigned variables. Let P’ be
the set of clauses C € P such that exactly one variable in supp(C) is unassigned. Let P” be the subset of
clauses in P’ that are consistent with x’. Now we assign values to unassigned variables so as to maximize
the number of satisfied clauses in P”. Specifically, for every unassigned variable x,, we find value i that
maximizes [{C € P": (u,i) € C}| and assign x], = i. We obtain an assignment x’.

Let us lower bound the number of constraints satisfied by x’. Let x* be an optimal assignment
and P* be the set of clauses x* satisfies. Note that every clause C belongs to P’ with probability
k-1/k-(1—1/k)*! > 1/e. Every clause in P belongs to P” with probability 1/d*~!. Therefore,

* /! 1 * 1
E[|P*NP"|] > edﬁ.m) |:edﬁ-OPT.
Note that x* satisfies at least |P* N P”| clauses in P” since it satisfies all clauses in P* NP”. Since in the
second step we assign values to x, so as to maximize the number of satisfied clauses in P”, we have that
x’ also satisfies at least |P* N P”| clauses in P”. Thus in expectation x’ satisfies at least

. 1
E[|#" N%'|| > —— OPT

clauses. O
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